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MOTION OF CONDUCTING BODIES I N  A MAGNETIC FIELD 

This book represents  a c o l l e c t i o n  of a r t i c l e s  on t h e  
theory of induct ion ,  magnetohydrodynamic (MHD) machines 
wi th  a l i q u i d  m e t a l  working medium, t h e  electromagnet ic  
processes  i n  an i d e a l ,  conducting MHD machine, and t h e  
h igher  s p a t i a l  harmonics of t h e  magnetic f i e l d  of an 
induct ion  MHD machine. It a l s o  d iscusses  t h e  t r a n s v e r s e  
edge e f f e c t  i n  plane,  induct ion  MHD machines, t h e  longi-  
t u d i n a l  edge e f f e c t  i n  l i n e a r  MHD machines, t h e  pondero- 
motive f o r c e s  inf luenc ing  conducting media i n  t h e  t r a v e l i n g  
magnetic f i e l d  of a c y l i n d r i c a l  inductor ,  and a theory f o r  
t h e  propagation of pulsed electromagnet ic  f i e l d s  i n  moving, 
conductive media. 

From . t h e  - - . E d i t o r i a l  - - Board - /5* 

The book Dvizheniye -__ . . - provodyashchikh t e l  -v m a a t n o m  pole  (Motion of Con- 
duc t ive  Bodies i n  a Magnetic Field)’ which w e  o E e r T  t h e  reader  i s  a survey of 
work on electromagnet ic  processes  i n  magnetohydrodynamic (MHD) induct ion  ma- 
chines (genera tors ,  pumps) wi th  working media of l i q u i d  metal .  

The t o p i c s  i n  t h i s  c o l l e c t i o n  touch on t h e  theory of MHD machines examined 
from t h e  so-cal led electrodynamic approach , i. e. , dis regard ing  t h e  magnetohy- 
drodynamic e f f e c t s  i n  t h e  machine channel. 

The surveys inc lude  most of t h e  papers publ ished on t h e  problem i n  ques- 
t i o n  and several which w e r e  i n  t h e  process  of p u b l i c a t i o n  as  t h e  manuscript  
w a s  being prepared f o r  p r e s s ;  some o r i g i n a l  f ind ings  are a l s o  presented.  

It i s  proposed i n  t h e  immediate f u t u r e  t o  devote a s e p a r a t e  work t o  a 
survey of magnetohydrodynamic phenomena i n  MHD induct ion  machines. 

Please send a l l  requestsand c r i t i c i s m s  about t h e  book t o  t h e  I n s t i t u t e  of 
Physics of t h e  Academy of Sciences,  Latvian SSR a t  1 9  Turgenev S t . ,  Riga. 

~. 

STATE OF THE THEORY OF MAGNETOHYDRODYNAMIC I N D U C T I O N  MACHINES 
WITH WORKING MEDIA OF L I Q U I D  METAL 

Y a .  Ya. .  L iye lpe ter  

Magnetohydrodynamic (MHD) induct ion  machines with a working media of 
l i q u i d  m e t a l  may be used as converters  of t h e  mechanical energy i n  t h e  l i q u i d  
m e t a l  flow i n t o  e lectr ical  energy (generators)  o r ,  on t h e  contrary,  as con- 
v e r t e r s  of e lectr ical  i n t o  mechanical energy (motors , pumps , brakes) .  
now l iquid-metal  MHD machines have found t h e i r  ch ief  use as pumps f o r  t rans-  
f e r r i n g  l i q u i d  m e t a l .  
energy involves  t h e  development of methods f o r  convert ing thermal energy i n t o  

Up till 

The use of t h e s e  machines f o r  generat ing e lec t r ica l  

- - - -. - - . . .  .- . . - ~  

* Numbers i n  t h e  margin i n d i c a t e  pagina t ion  i n  t h e  o r i g i n a l  f o r e i g n  text. 
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energy of l i q u i d  m e t a l  flow. 
cyc le  i s  noteworthy (Ref. 1 ) ;  o t h e r  systems are a l s o  w e l l  known. Comparatively 
few papers (Refs. 2 ,  3)  have been published on l iquid-metal  MHD generators  i n  
c o n t r a s t  t o  plasma genera tors .  

E l l i o t ' s  proposal  of a two-phase conversion 

Approximate numerical  eva lua t ions  of t h e  b a s i c  c h a r a c t e r i s t i c s  of MHD 
induct ion generators  i n d i c a t e  t h a t  a t  powers of t h e  order  of thousands of 
k i l o w a t t s  t h e i r  e f f i c i e n c y  reaches 50-70%. 

Papers by A. I. Vol'dek (Ref. 4 )  and N .  M. Okhremenko (Ref. 5) g ive  a 
synopsis of t h e  theory of induct ion  pumps. Below w e  s h a l l  s c r u t i n i z e  s e v e r a l  
aspec ts  of t h e  s ta te  of t h e  theory,  which are explained i n  less d e t a i l  i n  t h e  
art icles mentioned. 

number 
A l a rge /of  s t r u c t u r a l  diagrams of MHD induct ion machines are known. The 

design of a s p e c i f i c  MHD machine must always so lve  two problems: (1) s e l e c t i o n  
of t h e  optimum s t r u c t u r a l  plan,and (2 )  f i n d i n g  t h e  optimum r e l a t i o n s h i p s  be- 
tween t h e  design v a r i a b l e s  f o r  t h e  given system. I n  optimizing t h e  design of 
a s p e c i f i c  machine, w e  must know t h e  numerical  r e l a t i o n s h i p s  between t h e  phys- 
i ca l  q u a n t i t i e s  determining i t s  p r o p e r t i e s .  I n  o t h e r  words, w e  must analyze 
the  c h a r a c t e r i s t i c s  of t h e  s p e c i f i c  machine with prescr ibed  s p e c i f i c  loads and 
geometrical  dimensions. 

From t h i s  it fo.llows t h a t  t h e  b a s i c  t a s k s  i n  MHD induct ion  machine 
theory are t o  analyze t h e  p r o p e r t i e s  of a set of s t r u c t u r a l  diagrams a t  pre- /6 
set s p e c i f i c  loads and geometr ical  dimensions and t o  e l a b o r a t e  methods of 
optimizing dimensions and s p e c i f i c  loads  a t  t h e  prescr ibed  u s e f u l  power. The 
f i r s t  p a r t  of t h e  t a s k  i s  by now i n  a comparatively well-developed state.  
The author  g ives  a survey of t h e  a r t i c l e s  devoted t o  m a t t e r s  of opt imizat ion 
(Ref. 6 ) .  I n  t h e  following w e  w i l l  touch only upon t h e  f i r s t  p a r t  of t h e  
theory of MHD induct ion machines. 

The design of an MHD machine with l iquid-metal  working medium must 
u n i t e  t h e  p r o p e r t i e s  of e lectr ical  and hydraul ic  machines, and t o  t h e  maximum 
degree must s a t i s f y  t h e  s p e c i f i c  demands made on both types of machine. The 
r e s u l t  of t h e  l a t t e r  i s  obviously t h a t  t h e  channel of t h e  optimum machine w i l l  
have a cross-sect ion varying over i t s  length  and a v a r i a b l e  mean flow v e l o c i t y  
even i n  t h e  machine's active zone, while t h e  electromagnet ic  and hydraul ic  
processes  i n  t h e  channel w i l l  be  complexly interconnected,  making i t  impossible 
t o  s tudy them separa te ly .  I n  t h i s  form t h e  theory i s  a t  present  completely 
undeveloped. I n  a l l  t h e  problems i n v e s t i g a t e d ,  t h e  channel cross-sect ion 
i s  assumed t o  be cons tan t  along i t s  length.  

A concurrent s o l u t i o n  of t h e  electromagnet ic-f ie ld  and hydrodynamic 
equations i n  t h e  las t  case i s  except iona l ly  d i f f i c u l t .  Therefore,  i n  practice,  
recourse i s  had t o  var ious  s o r t s  of approximations, e .g . ,  t h e  electromagnetic 
processes and t h e  hydraul ic  phenomena are examined separa te ly .  Therefore,  w e  
may conventionally speak of t h e  electromagnet ic  theory and t h e  hydraul ic  theory 
of MHD machines, although they are n e c e s s a r i l y  interconnected.  
t i o n  has ,  a t  present ,  been developed t o  t h e  g r e a t e s t  e x t e n t .  The second i s  
f o r  t h e  t i m e  being i n  t h e  i n i t i a l  s t a g e  of e labora t ion .  

The f i r s t  por- 
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I n  electromagnet ic  theory,  a l i q u i d  m e t a l  i s  regarded a s  a s o l i d  body, 
e.g. ,  a s t r i p ,  c y l i n d e r ,  o r  t h e  l i k e ,  which moves a t  a v e l o c i t y  equal  t o  t h e  
average speed of t h e  l i q u i d .  I n  t h i s  case, w e  must determine t h e  e l e c t r o -  
dynamic f o r c e  f i e l d ,  i n t e g r a l  f o r c e ,  and energy (power) t ransmi t ted  from t h e  
winding t o  t h e  l i q u i d  m e t a l  ( i n  t h e  motor and brake regime),  o r  i n  t h e  o t h e r  
d i r e c t i o n  ( i n  t h e  genera tor  regime). 
equivalent  e lectr ical  c i r c u i t  f o r  t h e  machine and i t s  parameters,  and may 
analyze its e x t e r n a l  c h a r a c t e r i s t i c s  and opera t ing  condi t ions .  

From t h e s e  d a t a  w e  may compile t h e  

Consideration of hydrodynamic e f f e c t s  i n  t h e  s implest  case i s  reduced 
t o  t h e  f a c t  t h a t  p a r t  of t h e  electromagnet ic  pressure  i s  expended on equa- 
l i z i n g  i n t e r n a l  f r i c t i o n a l  f o r c e s  i n  t h e  l i q u i d .  Hence, t h e  employed pressure  
i s  less than t h e  electromagnet ic  pressure.  Hydraulic losses i n  f r i c t i o n  i n  
t h i s  case are determined f o r  t h e  prescr ibed  channel shape, due cons idera t ion  
being given t o  t h e  effect of t h e  magnetic f i e l d  on h y d r a u l i c  r e s i s t a n c e .  

I n  t h e  approximation approach t o  MHD machine theory ,  one problem of /7 
hydraul ic  theory i s  t o  d e f i n e  c e r t a i n  c o r r e c t i o n s  t o  e lectromagnet ic  theory.  
I n  p r i n c i p l e ,  t h i s  r o u t e  may be j u s t i f i e d  t o  some degree,  f o r  we may assume 
t h a t  i n  t h e  optimum machine t h e  d i s t r i b u t i o n  of e lectromagnet ic  f o r c e s  over 
t h e  channel cross-sect ion should not  be very  uneven. Nor w i l l  t h e  d i s t r i b u -  
t i o n  of averaged v e l o c i t i e s  s u b s t a n t i a l l y  d i f f e r  from t h e  conf igura t ion  during 
flow because of e x t e r n a l  pressure  forces .  The need f o r  more d e t a i l e d  s tudy 
of magnetohydrodynamic c h a r a c t e r i s t i c s  i s ,  however, q u i t e  obvious. 

L e t  us  examine i n  somewhat more d e t a i l  t h e  s ta te  of MHD induct ion  machine 
electromagnet ic  theory,  about which t h e  l a r g e s t  number of papers has been 
published. This  p a r t  of t h e  theory comprises t h e  s tudy of e lectromagnet ic  
f i e l d  s t r u c t u r e  i n  t h e  working gap of t h e  machine, as w e l l  a s  of processes  i n  
t h e  magnetic and e lectr ical  c i r c u i t s  which determine t h e  e f f e c t i v e  r e s i s t a n c e  
and reactance of t h e  windings. Magnetic and e lectr ical  f i e l d  s t r u c t u r e  i n  
t h e  working gap depends on t h e  s t r u c t u r a l  shapes of t h e  s t a t o r s  ( inductors )  
and t h e  channel conf igura t ion .  Every s t r u c t u r a l  layout  of t h e  machine has  i t s  
own s p e c i f i c  phenomena which have a s u b s t a n t i a l  e f f e c t  on t h e  machine character-  
i s t i c s ,  e .g . ,  i n  a p lane  induct ion  pump an important r o l e  i s  played by a t rans-  
v e r s e  edge e f f e c t  which i s  lacking i n  a c y l i n d r i c a l  pump. 

Assuming t h e  magnetic permeabi l i ty  of t h e  magnetic c i r c u i t  t o  be cons tan t ,  
w e  may descr ibe  t h e  electromagnet ic  processes  by a system of l i n e a r  d i f fe ren-  
t i a l  equat ions.  When s tudying f i e l d  s t r u c t u r e  i n  t h e  working gap, w e  usua l ly  
assume t h a t  one of t h e  components of magnetic induct ion  on t h e  inductor  sur-  
f a c e  i s  given,  and w e  s h a l l  relate t h i s  component wi th  t h e  c u r r e n t  i n  t h e  mach- 
i n e  windings. 

The p lane  l i n e a r  MHD machine has been s t u d i e d  i n  g r e a t e s t  d e t a i l .  R e f -  
erences 7-11 have discussed electromagnet ic  processes  while  neglec t ing  t h e  
l o n g i t u d i n a l  and t r a n s v e r s e  edge e f f e c t s ,  on t h e  assumption t h a t  only t h e  fun- 
damentalharmonicsof  t h e  magnetic f i e l d  i s  present .  In t h i s  case, t h e  f i e l d s  
depend only on a s i n g l e  coordinate  d i r e c t e d  across  t h e  channel. Cases a r e  ana- 
lyzed with conductive channel w a l l s  (Refs. 8, 9) and without them (Refs. 7 ,  10, 
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11) .  References 16-22 s tudy t h e  e f f e c t  of t h e  h igher  s p a t i a l  harmonics of 
t h e  magnetic f i e l d ,  which are caused by d i s c r e t e  spacing of t h e  winding con- 
ductors  and by s e r r a t i o n  of t h e  inductor  sur face .  This s u b j e c t  has  a l s o  been 
touched upon i n  (Ref. 2 3 ) .  The theory of MHD induct ion  machines may l ikewise  
p a r t i a l l y  use d e t a i l e d  s t u d i e s  of t h e  higher  harmonics i n  ordinary e lectr ical  
machines. A comprehensive surv-ey of t h i s  s u b j e c t  i s  found i n  Geller and 
Gamaea's work (Ref. 4 0 ) .  

A comparatively l a r g e  number of s t u d i e s  d e a l  with t h e  t r a n s v e r s e  edge 
e f f e c t  i n  a plane MHD induct ion  machine (Refs. 24-39) .  They s o l v e  prob- /8 
l e m s  which are s t a t e d  i n  var ious  ways and which examine t h e  motion of a 
conduction band of f i n i t e  width i n  a t r a v e l i n g  magnetic f i e l d .  The b a s i c  f ind-  
ing of these  s t u d i e s  may be reduced t o  computing t h e  c o e f f i c i e n t  of pressure  
a t t e n u a t i o n  and analyzing t h e  inf luence  of t h e  t r a n s v e r s e  edge e f f e c t  on 
c h a r a c t e r i s t i c s  of t h e  machine. A new p r i n c i p l e  f o r  s imulat ing vor tex  f i e l d s  
i n  t h e  conduction band i s  e labora ted  i n  (Ref. 3 3 ) .  References 3 4 ,  3 5 ,  and 38 
examine t h e  t r a n s v e r s e  edge e f f e c t  when t h e r e  are s h o r t c i r c u i t e d  buses i n  t h e  
channel of a plane MHD machine. 

Despite t h e  g r e a t  number of published works, t h e  quest ion of t r a n s v e r s e  
edge e f f e c t  cannot be assumed t o  be thoroughly s t u d i e d  s i n c e  many s o l u t i o n s  
(Refs. 26-28, 30 ,  31) are obtained f o r  var ious  i n i t i a l  condi t ions ,  while no 
general  a n a l y s i s  o r  s u f f i c i e n t l y  comprehensive comparison of r e s u l t s  with 
experimentation has been conducted. 

A number of works have s tudied  magnetic f i e l d  s t r u c t u r e  of an  inductor  
of f i n i t e  length  and t h e  problems assoc ia ted  therewith of phase asymmetry i n  
t h e  winding (Refs. 41-46).  The t o t a l i t y  of t h e s e  phenomena i s  u s u a l l y  c a l l e d  
t h e  l o n g i t u d i n a l  edge e f f e c t  i n  t h e  primary c i r c u i t .  It has  been ascer ta ined  
t h a t  a break i n  t h e  magnetic c i r c u i t  l eads  t o  t h e  genera t ion  of pulsed com- 
ponents of t h e  magnetic f i e l d  along with the  t r a v e l i n g  component. Methods 
have been proposed f o r  balancing t h e  pulsa t ing  f i e l d s .  D i s t o r t i o n  of f i e l d  
s t r u c t u r e  assoc ia ted  with motion of t h e  conducting medium through t h e  f i n a l  
zone of propagation of t h e  t r a v e l i n g  magnetic f i e l d  ( l o n g i t u d i n a l  edge e f f e c t  
i n  t h e  secondary c i r c u i t )  has been p a r t i a l l y  s tud ied  (Ref. 4 7 ) .  (Ref. 48)  
examines t h e  edge e f f e c t  i n  t h e  primary and i n  t h e  secondary c i r c u i t  together .  

A survey of l o n g i t u d i n a l  edge e f f e c t  i s  found i n  ( r e f .  4 ) .  

The theory of c y l i n d r i c a l  MHD induct ion machines i s  t r e a t e d  i n  fewer 
works than i s  t h a t  of p lane  machines, although t h i s  theory i s  more promising 
from t h e  electromagnet ic  viewpoint ( t h e r e  i s  no t r a n s v e r s e  edge e f f e c t )  s i n c e  
i n  p r a c t i c a l  computations t h e  e f f e c t  of channel curva ture  on f i e l d  d i s t r i b u t i o n  
may i n  t h e  vast major i ty  of cases be neglected,  i .e . ,  t h e  problem may be re- 
garded as a plane one. (Refs. 7 ,  49-54) s c r u t i n i z e  var ious  problems f o r  cy- 
l i n d r i c a l  MHD machines with constant  channel cross-sect ion without regard t o  
longi tudina l  edge e f f e c t .  (Ref. 49)  computes t h e  ponderomotive f o r c e  a c t i n g  
on a conductive cy l inder  of f i n i t e  length  i n  an i n f i n i t e  c y l i n d r i c a l  inductor  
and confirms t h e  f a c t  (which w a s  observed experimentally previously)  t h a t  f o r c e  
dens i ty  peaks a t  a c e r t a i n  relative cyl inder  length.  
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I 

The c i t e d  l i s t  of works on var ious  problems of t h e  motion of conducting 
/9 bodies i n  a t r a v e l i n g  magnetic f i e l d  i s  n o t  exhaustive.  There a r e  sev- 

era1 experimental  works s tudying magnetic f i e l d  s t r u c t u r e  of an a c t u a l  in-  
ductor i n  a MHD machine, t h e  ponderomotive forces  a c t i n g  on s o l i d  conductive 
bodies ,  opera t ing  c h a r a c t e r i s t i c s  of t h e  machine, and o t h e r  e f f e c t s  (Refs. 55- 
59) ,  b u t  they are considerably fewer i n  number than t h e  t h e o r e t i c a l  works. 

When w e  speak of t h e  MHD machine electromagnet ic  theory on t h e  whole, w e  
may n o t e  t h a t  t h e r e  i s  a s u b s t a n t i a l  number of works on t h i s  theory,  but  t h a t  
by no means a l l  matters have been i n v e s t i g a t e d  wi th  adequate care. While t h e  
s o l u t i o n s  themselves of e lectromagnet ic  f i e l d  equat ions have been obtained f o r  
a l a r g e  number of d i f f e r e n t  cases, t h e r e  i s  u s u a l l y  inadequate a n a l y s i s  of 
t h e s e  s o l u t i o n s  and comparison of them with o t h e r  s i m i l a r  problems. The f ind-  
i n g s  of t h e  s t u d i e s  are r a r e l y  reduced t o  convenient computational c o e f f i c i e n t s  
and formulas def in ing  t h e  parameters of equivalent  electrical  c i r c u i t s  o r  con- 
veying t h e  b a s i c  energy c h a r a c t e r i s t i c s  of t h e  machine - power, e f f i c i e n c y ,  
power f a c t o r ,  e tc .  A l l  t h i s  impedes p r a c t i c a l  u t i l i z a t i o n  of research  f ind-  
ings  i n  t h e  design of s p e c i f i c  MHD machines. 

One purpose of t h e  present  c o l l e c t i o n  i s  t o  make a c r i t i ca l  survey and 
compare t h e  f i n d i n g s  of papers on t h e  electromagnet ic  theory of MHD induct ion  
machines i n  order  t o  f a c i l i t a t e  t h e i r  use i n  design work. The c o l l e c t i o n  
adduces surveys of i n d i v i d u a l  problems i n  t h e  theory,  e .g . ,  on l o n g i t u d i n a l  
and t r a n s v e r s e  edge e f f e c t ,  t h e  inf luence  of higher  s p a t i a l  f i e l d  harmonics, 
etc.  A s e p a r a t e  range of ques t ions  i s  considered in t h e  s t u d i e s  deal ing with 
motion of conducting bodies  i n  pulsed electromagnet ic  f i e l d s .  A survey of 
t h e s e  works i s  given i n  connection with t h e i r  p o s s i b l e  use i n  metering tech- 
nology, e .g . ,  i n  measuring t h e  flow r a t e  of a conducting l i q u i d  (Refs. 59-60). 
Various devices  wi th  t r a v e l i n g  and pulsed magnetic f i e l d s  are a l s o  appl ied 
f o r  t h e  s a m e  purpose (Refs. 61-63). 

I n  conclusion l e t  us  b r i e f l y  touch upon t h e  s t a t e  of t h e  hydraul ic  theory 
of MHD induct ion  machines. 

Accurate s o l u t i o n s  t o  problems of conductive l i q u i d  motion i n  a t r a v e l i n g  
magnetic f i e l d  may b e  obtained only f o r  t h e  s implest  cases of laminar flow, 
e .g . ,  where v e l o c i t y  has  only a s i n g l e  component, and magnetic f i e l d  amplitude 
i n  t h e  gap i s  e i t h e r  cons tan t  o r  varies i n  accord with a given law. Several 
such s o l u t i o n s  have been published (Refs. 8, 64-69), but  t h e i r  r e s u l t s  may be 
used merely t o  g ive  a q u a l i t a t i v e  r e p r e s e n t a t i o n  of t h e  n a t u r e  of t h e  flow, 
s i n c e  laminar flow condi t ions  are very inf requent ly  observed. 

Of d e f i n i t e  p r a c t i c a l  i n t e r e s t  are t h e  r e s u l t s  of an experimental  s tudy 
of t u r b u l e n t  f low of a conducting f l u i d  i n  a cons tan t  t r a n s v e r s e  magnetic 
f i e l d  (Refs. 70-73). These experiments have been used t o  d e r i v e  empir ica l  
r e l a t i o n s h i p s  f o r  t h e  c o e f f i c i e n t  of hydraul ic  r e s i s t a n c e  i n  smooth and rough 
channels of constant  cross-sect ion,  while  tak ing  i n t o  account t h e  inf luence  of 
t h e  magnetic f i e l d .  To design MHD induct ion  machines, however, these  f ind ings  
must be u t i l i z e d  while  tak ing  i n t o  cons idera t ion  t h e  f a c t  t h a t  t h e  drag co- 
e f f i c i e n t  may b e  d i f f e r e n t  i n  a t r a v e l i n g  f i e l d .  I n  t h i s  connection t h e  r e s u l t s  
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of N. M. Okhremenko's article (Ref. 74) on the effect of a traveling magnetic 
field on the drag coefficient are very interesting. 

Solutions are known for the distribution of electromagnetic fields in a 
conducting fluid moving with the velocity distribution given by a power law 
(Ref. 75). 

Finally, there are certain experimental studies on fluid flow structure 
in the flow-through parts (channels) of MHD machines disregarding the magnetic 
field effect (Ref. 76). The chief purpose of these studies is to define the 
hydraulically optimum channel shapes - in particular their intake and outlet 
zones. 
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ELECTROMAGNETIC PROCESSES I N  AN IDEAL, INDUCTION MHD MACHINE 

A.  K. Veze, L. Y a .  Ulmanis 

1. 

The b a s i c  theory of induct ion  MHD machines i s  concerned wi th  t h e  cal- 
c u l a t i o n  of e lectromagnet ic  processes  i n  an i n f i n i t e l y  wide conductive band 
loca ted  i n  t h e  t r a v e l i n g  electromagnet ic  f i e l d  of a f l a t  inductor .  I f  i t  i s  
assumed t h a t  t h e  conductive l a y e r  i s  i n f i n i t e l y  long and t h a t  t h e  s i n u s o i d a l  
t r a v e l i n g  wave produced by t h e  i d e a l i z e d  inductor  has  only a b a s i c  harmonic 
component, such a problem may be r e a d i l y  solved a n a l y t i c a l l y .  
l e m s  of t h i s  type w e r e  solved i n  conjunction with t h e  development of a theory 
f o r  asynchronous engines (Ref. 1-2). Subsequently, such problems w e r e  solved 
f o r  M%D machines. The r e s u l t s  obtained w e r e  u t i l i z e d  f o r  designing induct ion  
pumps (Ref. 3-6), bu t  t h e  t h e o r e t i c a l  formulas had t o  b e  r e f i n e d  by t h e  i n t r o -  
duct ion of c e r t a i n  empir ica l  c o e f f i c i e n t s .  These c o e f f i c i e n t s  w e r e  employed 
t o  provide an approximate determinat ion of t h e  d i f f e r e n c e  between t h e  assump- 
t i o n  advanced i n  t h e  t h e o r e t i c a l  formulation of t h e  problem and a c t u a l  p r a c t i c e  
(Ref. 8 ,  18, 26). 

The f i r s t  prob- 

The r e s u l t s  obtained when such problems w e r e  solved w e r e  a l s o  appl ied  
when designing MHD g e n e r a t o r s ,  brakes,  flow m e t e r s ,  e lectromagnet ic  mixers of 
metals i n  mel t ing furnaces ,  chutes  f o r  t r a n s p o r t i n g  molten f e r r o u s  meta ls ,  and 
o ther  equipment. 

This a r t ic le  p r e s e n t s  a summary of t h e  s o l u t i o n s  f o r  e lectromagnet ic  
processes  i n  a conductive band loca ted  i n  a t r a v e l i n g  magnetic f i e l d  of a f l a t  
inductor ,  under t h e  assumption t h a t  t h e  dimensions of t h e  device are i n f i n i t e  
i n  t h e  d i r e c t i o n  of motion of t h e  f i e l d  and i n  t h e  d i r e c t i o n  i n  which t h e  elec-  
t r i c  cur ren t  passes .  

A d i f f e r e n t  number of l a y e r s  wi th  d i f f e r i n g  e l e c t r o c o n d u c t i v i t y  may be 
loca ted  i n  t h e  o p e r a t i o n a l  zone of MHD machines. For example, an i n s u l a t i o n  
l a y e r ,  t h e  channel w a l l ,  and i n  t h e  middle a l a y e r  of e lectroconduct ive 
l i q u i d  are u s u a l l y  l o c a t e d  on each s i d e  of t h e  inductor  i n  t h e  c learance  of 
f l a t  induct ion  pumps opera t ing  symmetrically,  i . e . ,  f i v e  l a y e r s  i n  a l l .  
Pumps are a l s o  being designed f o r  pumping two l i q u i d s  a t  once; i n  such 
devices ,  t h e  number of l a y e r s  i s  g r e a t e r .  Therefore ,  i t  is  advantageous 
t o  examine t h e  problem i n  t h e  genera l  case,  assuming t h e  presence of many 
l a y e r s  i n  t h e  inductor .  

/16 

A f l a t  i d e a l  inductor ,  producing a t r a v e l i n g  magnetic f i e l d ,  may b e  
represented i n  t h e  form of one o r  two i n f i n i t e l y  t h i n  l a y e r s  of c u r r e n t ,  whose 
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l i n e a r  d e n s i t y  ( l i n e a r  cur ren t  load) 
has  only one t a n g e n t i a l  component. 

X 

///////////// / / I  I //'/////// ///, 

Figure 1 

Arrangement of Conductive 
Layers i n  a Two-sided Inductor  

When t h e r e  are two l a y e r s  of 
c u r r e n t ,  w e  s h a l l  c a l l  t h e  inductor  a 
two-sided inductor ,  and when t h e r e  i s  
one l a y e r  w e  s h a l l  i t  a one-sided in-  
ductor .  

Our problem may be formulated as 
fol lows . 

There are n p a r a l l e l  l a y e r s  (Fig- 
u r e  1) i n  t h e  t r a v e l i n g  magnetic f i e l d  
of a f l a t  inductor .  The s p e c i f i c  con- 
d u c t i v i t y  of t h e s e  l a y e r s  i s  o 1' 02' .. 

and t h e  th ickness  i s  b 1' b*Y -. ., a n '  

., bn, respec t ive ly .  W e  s h a l l  assume t h a t  a l l  t h e  l a y e r s  move a t  constant  vel-  

o c i t i e s  with respec t  t o  t h e  inductor  equal l ing  v 

compute t h e  v e l o c i t y  of each l a y e r ,  l e t  us  in t roduce  

v2, ..., v n .  I n  order  t o  

t h e  following nota t ion :  

. . . . .  

where vj  = 2 ~ f  i s  t h e  v e l o c i t y  of t h e  t r a v e l i n g  magnetic f i e l d  with respec t  t o  

t h e  inductor  (T - p o l a r  d i v i s i o n  of t h e  inductor ,  f -  frequency of t h e  cur ren t  
supplying t h e  inductor ) .  W e  may assume t h a t  t h e  magnetic permeabi l i ty  of 117 
a l l  t h e  l a y e r s ,  exce t t h e  magnetic c i r c u i t  of t h e  inductor ,  i s  cons tan t ,  and 
equals  v o =   IT *IO--. Ph It equals  1-1 = Const. i n  t h e  magnetic c i r c u i t  of 

t h e  inductor .  The pole  d i v i s i o n  of t h e  inductor ,  and a l s o  v e l o c i t y  of t h e  
f i e l d  along both of i t s  s i d e s  are assumed t o  be t h e  same. 

m 

The magnetic f i e l d  H t h e  v e c t o r  p o t e n t i a l  A 
E have t h e  following components i n  t h e  given case: 

and t h e  e l e c t r i c  f i e l d  

H W x ;  0; H z } ;  

A (0; A,; 0); 

E (0; E,; 0). 
From t h i s  po in t  on, w e  s h a l l  designate  A simply by A and E by E. 

Y Y 
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The following differential equation may be solved for each of the k 
layers 

(1) 
-+-= d2Ah d2Ak $4 
ax* aZ2 p d h d t -  

In the case under consideration, all the electromagnetic quantities 
have a sinusoidal dependence on wst - az, and they may be expressed by means 
of functions having the following form 

;I= ;lo ( x )  ef(osl-az), 

where is the corresponding electromagnetic quantity. Equation (1) then 
assumes the following f o m  

where 

On surfaces dividing adjacent layers, the magnetic and electric fields 
must satisfy the following boundary conditions: 

- I 1 8  
6 

BXi=Bx2; HZ1=HZ2 for ~=‘61-  5; 

. . . . . .  . .  . . . . . . .  ( 7 )  

(where 6 i s  the distance between both sides of the inductor). 

We shall define one of the components of the traveling magnetic field on 
the inductor surface - i.e., in the case of x = B. Practical computationg 

have shown that it is more advantageous to define the tangential component of 
the field, since - if the magnetic permeability of the inductor magnetic circuit 
is p = Q) -numerically it equals the linear current load of the inductor, and 
does not depend on processes occurring in the electroconductive layers. 

2 

Thus, in the general case the boundary conditions on the inductor surface 
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may b e  formulated as fol lows:  

6 
2 H -H [ (ost-az)  f o r  x = - ;  I- ole 

Here Q, is  t h e  angle  a t  which t h e  phase s h i f t s  between t h e  magnetic f i e l d s  on 
both s i d e s  of t h e  inductor ,  and i t  assumes any va lue  i n  t h e  genera l  case.  In 
p r a c t i c e ,  Q, = 0 customari ly  holds  - i . e . ,  t h e  windings on both s i d e s  of t h e  
inductor  are switched onconcurrently.  I n  t h e  l i t e r a t u r e ,  with t h e  exception of 
several ar t ic les  (Ref. 9 ,  l o ) ,  i t , , i s  t h i s  case which i s  p r i m a r i l y  inves t iga ted .  

I n  a l l ,  t h e r e  are 2n boundary condi t ions which are r e q u i s i t e  i n  order  
t o  determine 2n i n t e g r a t i o n  cons tan ts .  I f  i t  is  assumed t h a t  i n  t h e  case of 
x = - t h e  6 l i n e a r  c u r r e n t  d e n s i t y  equals  zero,  w e  have a one-sided inductor .  

2 

I f  t h e  problem i s  symmetrical with r e s p e c t  t o  t h e  x = 0 p lane  - i . e . ,  
- 0  = u  and 4 = 0 - t h e  number of l a y e r s  n i s  odd, s i n c e  bk = bn-(k-l)’ k n-(k-1) 

f o r  even n t h e r e  would have t o  be two adjacent  l a y e r s  with d i f f e r e n t  phys ica l  
parameters i n  t h e  middle of t h e  clearance.  However, i n  t h i s  case t h e  problem 
i s  non-symmetrical. The s o l u t i o n  of t h e  symmetl;ical problem i n  t h e  mean band 
i s  expressed by t h e  even o r  odd func t ion  of x depending on whether t h e  
des i red  q u a n t i t y  has even o r  odd symmetry. However, s o l u t i o n s  i n  symmetrical 
bands, which do n o t  come i n  contac t  with each o t h e r ,  are charac te r ized  by a 
s i g n  before  t h e  coordinate  x f o r  q u a n t i t i e s  with even symmetry, and are char- 
a c t e r i z e d  by a s i g n  before  t h e  coordinate  x and before  every expression f o r  
q u a n t i t i e s  with odd symmetry. 

/19 

There i s  no n e c e s s i t y  of f ind ing  a s o l u t i o n  f o r  every l a y e r  when solving 
t h e  symmetrical problem. W e  may f i n d  a s o l u t i o n  f o r  only one h a l f  of t h e  
symmetrical region,  assuming t h a t  t h e r e  i s  a t a n g e n t i a l  component which equals  
zero  i n  t h e  middle of t h e  clearance.  The s o l u t i o n  f o r  t h e  o t h e r  h a l f  of t h e  
symmetrical region may b e  found by 
between t h e  s o l u t i o n s  i n  symmetrical l a y e r s .  It is  s i m p l e r  t o  s o l v e  t h e  problem 
by employing symmetry, s i n c e  we must determine only n + 1 cons tan t ,  i n s t e a d  of 
2n cons tan ts .  

using t h e  r e l a t i o n s h i p s  presented above 

The f o r c e  l i n e s  of t h e  magnetic f i e l d  may be determined by solving t h e  
d i f f e r e n t i a l  equation 

The f o r c e  a c t i n g  
p u l s a t i n g  components. 

upon t h e  conductive band i s  composed of a constant  and 
The la t te r  p u l s a t e s  with t h e  double frequency of the  

t r a v e l i n g  magnetic f i e l d .  The f o r c e  may be computed a n a l y t i c a l l y  by- mult iplying 
the  instantaneous va lues  of cur ren t  dens i ty  and magnetic induct ion.  Pulsa t ions  
of t h e  f o r c e  d e n s i t y  may have an inf luence  upon t h e  hydrodynamic processes  i n  
l i q u i d s  loca ted  i n  a t r a v e l i n g  magnetic f i e l d .  When t h e  ponderomotive f o r c e s  
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i n  induct ion  pumps and o t h e r  MHD machines are i n v e s t i g a t e d ,  t h e  p u l s a t i o n  of 
t h e  f o r c e  component i s  u s u a l l y  disregarded,  and i t s  cons tan t  component i s  com- 
puted, which equals  t h e  f o r c e  averaged over t i m e .  

I n  t h e  problem under cons idera t ion ,  t h e r e  are two components of t h e  
f o r c e  dens i ty  - t h e  t a n g e n t i a l  component f and t h e  normal component f . Their 

constant  components may be computed according t o  t h e  fol lowing formulas 
z X 

and 

I f z=  --- Re(/,&*). 

They depend only on t h e  x-coordinate. 
of length  p, i n  t h e  k-th l a y e r ,  which i s  produced by t h e  t r a v e l i n g  magnetic 

The electromagnet ic  pressure  p e r  u n i t  

f i e l d  - i .e . ,  t h e  d e n s i t y  of t h e  t a n g e n t i a l  f o r c e  component, is  - / 2 0  

XO 

and t h e  mean dens i ty  of t h e  normal f o r c e  component i s  

I n  t h e  symmetrical case, t h e  t a n g e n t i a l  component of t h e  
has even symmetry, and t h e  normal component has  odd symmetry. 
t h e  normal component of t h e  r e s u l t i n g - f o r c e  equals  zero i n  t h e  
case.  It only c o n t r a c t s  t h e  body, but  does n o t  d i s p l a c e  i t .  

f o r c e  dens i ty  
This means t h a t  
symmetrical 

The power t ransmi t ted  t o  t h e  conductive band from t h e  inductor  by means 
of t h e  t r a v e l i n g  magnetic f i e l d  may be expressed by means of t h e  normal com- 
ponent of t h e  Poynting v e c t o r ,  which expresses  t h e  d e n s i t y  of t h e  electromag- 
n e t i c  energy f l u x  per  u n i t  of t i m e :  

The a c t i v e  power t ransmi t ted  t o  t h e  body through a u n i t  of s u r f a c e  a r e a  
equals  t h e  real  p a r t  of t h e  t h e  complex 8x, and t h e  r e a c t i v e  power equals  t h e  

imaginary p a r t  of t h e  complex Sx. 

I f  t h e  coord ina te  system i s  r e l a t e d  t o  t h e  moving conductive band, then 
t h e  Poynting v e c t o r  may express  t h a t  p o r t i o n  of t h e  energy which i s  converted 
i n t o  J o u l e  h e a t  l o s s e s .  I f  t h e  coordinate  system i s  r e l a t e d  t o  t h e  inductor ,  
S expresses  t h a t  p o r t i o n  of t h e  electromagnet ic  energy which i s  converted i n t o  

mechanical energy. 
X 
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The s t u d i e s  (Ref. 1-25) solved d i f f e r e n t  problems of t h e  type examined 
above. L e t  us  analyze c e r t a i n  cases, which are of t h e  g r e a t e s t  i n t e r e s t .  

3 .  Electromagnetic Phenomena . -  - i n  a Traveling F i e l d  of a One-sided .- 

Induct o r  

(a) Conductive Half-space 

I n  a s tudy by I. M. Kirko (Ref. 11) t h e  s imples t  problem of t h i s  type 
w a s  i n v e s t i g a t e d  - t h e  motion of conductive half-space i n  a t r a v e l i n g  magnetic 
f i l e d .  

A conductive medium with t h e  s p e c i f i c  e lectr ic  conduct iv i ty  CI f i l l s  /21 
t h e  half-space x > 0 ,  and moves a t  a constant  v e l o c i t y  v along t h e  d i r e c t i o n  
of motion of a t r a v e l i n g  magnetic f i e l d  (Figure 2 ) ,  which i s  produced by an 
i n f i n i t e l y  t h i n  cur ren t  l a y e r  loca ted  on t h e  s u r f a c e  x = 0. I n  the case of 
x < 0, i t  i s  assumed t h a t  t h e  half-space is f i l l e d  by an i d e a l  ferromagnet 
with p = m and CI = 0. 

The s o l u t i o n  of M a x w e l l  equat ions 
p r w i d e s  t h e  following va lues  f o r  t h e  
components of t h e  electromagnet ic  f i e l d  
i n  conductive h a l f -  mace: 

Thus, a l l  of t h e  f i e l d  components and t h e  c u r r e n t  dens i ty  decrease 
according t o  an exponent ia l  l a w  as one recedes from t h e  s u r f a c e  x = 0. 

I A t  t h e  d is tance  - from t h e  s u r f a c e  x = 0, t h e  magnetic f i e l d  decreases  
yl 

by a f a c t o r  of e - i .e. ,  t h i s  q u a n t i t y  r e p r e s e n t s  t h e  depth t o  which t h e  t r a v e l -  
ing  magnetic f i e l d  p e n e t r a t e s  (Ref. 3) 

I n  t h e  s p e c i a l  case ,  when E + 0 - i . e . ,  when t h e  conductive medium is  

1 absent  o r  f s  = 0 - w e  have 
ho= h,=--. 

U 
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In t h i s  case, t h e  p o l e  d i v i s i o n  of t h e  inductor  T - t h e  q u a n t i t y  
which i s  contained i n  t h e  dimensionless frequency E - determines t h e  depth t o  
which t h e  t r a v e l i n g  magnetic f i e l d  p e n e t r a t e s .  This phenomenon i s  a r b i t r a r i l y  
designated as t h e  geometric s u r f a c e  e f f e c t .  

The s u r f a c e  effect i n  a t r a v e l i n g  magnetic f i e l d  i s  charac te r ized  /22 
by t h e  f a c t  t h a t  t h e  p lanes  of t h e  same phase of t h e  f i e l d  a r e  not  perpen- 
d i c u l a r  t o  t h e  x > 0 p lane ,  bu t  are i n c l i n e d  toward i t  a t  t h e  following angle  

1 
~p = t a n - L .  

$2 

W e  o b t a i n  t h e  amplitude of t h e  normal component of magnetic induct ion 
from expression (15) 

and t h e  tangent  of t h e  angle  a t  which t h e  phase s h i f t s  x < 0 ,  as compared with 
t h e  phase s u r f a c e  d e n s i t y  of t h e  cur ren t  A,: 

The r a t i o  of t h e  amplitudes of t h e  t a n g e n t i a l  and normal induct ion com- 
ponents i n c r e a s e s  w i t h  an i n c r e a s e  i n  E;  

The angle  a t  which t h e  phase of t h e  t a n g e n t i a l  induct ion  component s h i f t s  
changes p r o p o r t i o n a l l y  t o  t h e  x coordinate;  

A l l  of the q u a n t i t i e s  i n v e s t i g a t e d  are determined by t h e  parameter E.  

Figure 3 

Force Lines  of t h e  Travel ing Magnetic F i e l d  Above a One-sided 
Inductor  i n  t h e  Case of E = 0 
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k 
Figure 4 

Force Lines of a Traveling Magnetic Field Above a One-sided 
Inductor in the Case of n2& = 50 

Figures 3 and 4 illustrate the magnetic force lines in an infinite half- 
inductor for two values of E ,  which were calculated 

Similar problems were investigated by Schilder in (Ref. 23). 
space above a one-sided 
by Yu K. Krumin. 

The parameter E also determines the density of the pondermotive force 
averaged over time and the electromagnetic power; 

or 

The power factor of an idealized energy convertor, without allowance 
for the leakage flux of the winding, is 

The dimensionless quantity E is an important characteristic of the /24 
electromagnetic processes in problems of the type which we are considering. 
It was called electromagnetic slipping in a study by Kh. I. Yanes (Ref. 19). 
This quantity may be also regarded as the magnetic Reynolds number 
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ud 
v m  

Rem=--, 

rs %=6 

i n  which t h e  v e l o c i t y  u i s  represented by t h e  r e l a t i v e  v e l o c i t y  of motion of 
t h e  t r a v e l i n g  magnetic f i e l d  and of t h e  conductive medium WS . The d i s t a n c e  

c1 

i s  assumed t o  be a c h a r a c t e r i s t i c  l i n e a r  dimension, and t h e  magnetic _ -  1 - r  
c1 T r '  

v i s c o s i t y  equals  vm = - . 
- -  

1 
!J 00 

The q u a n t i t y  E changes s i g n  when t h e  s l i p p i n g  s i g n  changes: i n  t h e  
brak ing  
machine E < 0. 

and pumping regimes E > 0,  and i n  t h e  genera tor  regime of t h e  MHD 

(b) Conductive Layer i n  t h e  F i e l d  of a One-sided Inductor  

Solu t ion  of t h e  Problem Regarding 
Three Layers i n  t h e  F i e l d  of a 

One-sided Inductor  

- 
x i s  shown i n  Figures  6 and 7. 
t h e  inductor  s u r f a c e ,  and $ i s  t h e  angle  a t  which t h e  phase s h i f t s  between both 
components wi th  r e s p e c t  t o  t h e  phase of t h e  t a n g e n t i a l  component on t h e  inductor  
sur face .  The s o l i d  curves r e f e r  t o  t h e  normal induct ion  component; t h e  broken 
curves r e f e r  t o  t h e  t a n g e n t i a l  component. Graphs are given f o r  d i f f e r e n t  va lues  
of t h e  parameter E,  and t h e  v a l u e  of E = 4.5 corresponds t o  t h e  f o r c e  m a x i m u m  
f o r  a given th ickness  6 = 0.35. 

The dependence of t h e  induct ion  components on t h e  dimensionless coordinate  
B Q  i s  t h e  t a n g e n t i a l  induct ion  component on 
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Figure 6 Figure 7 
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Damping of t h e  Travel ing 
Magnetic F i e l d  Amplitude 
i n  t h e  Conductive Layer 
Above a One-sided In- 
ductor  i n  t h e  Case of 
6 = 0  
- 

Change i n  t h e  Phase of t h e  
Travel ing Magnetic F i e l d  i n  
a Conductive Layer Over a 
One-sided Inductor  i n  t h e  
Case of 3 = o 

It may be seen from t h e  graphs t h a t  both t h e  amplitude and t h e  argument 
4 of t h e  normal induct ion  component decrease as E increases .  The phase /26 
of t h e  normal induct ion  component sharp ly  changes based on t h e  th ickness  of 
t h e  metal  l a y e r  during t h i s  s u r f a c e  e f f e c t .  When passing through i t ,  I+ 

r a p i d l y  decreases ,  and t h e  phase of t h e  normal induct ion  component l a g s  behind 
t h e  t a n g e n t i a l  component on t h e  s u r f a c e  of t h e  inductor .  

X 

I n  t h e  case of p = m ,  H equals t h e  l i n e a r  c u r r e n t  load A I f  t h e  
0 0 '  

space i s  f i l l e d  by a substance with 0' # 0 and p' # w i n  t h e  case of x < 0 ,  
then t h e  following r e l a t i o n s h i p  holds between Hg and Ao: 

H 
A, d (33) - A = - -  *''' [ (a' sh  a6 + $' ch a6)  s h  $6 + apeaa ch $61, 

where 
d= ( a  4- 6) [pS'(a ch a6 + 6 sh a6)  + ''a ( a  s h  a6 + $ ch a6)]eob+ 

+ (p-a)[pP'(  a ch ab- p sh  ab) +$a ( a  sh.ad- $ ch ad)] e+; 

fY=Ia'+ p'o'ws. 

The r e a c t i o n  of secondary c u r r e n t s  i n  t h e  conductive l a y e r  i s  character-  
i z e d  by a change i n  t h e  v e c t o r  of t h e  normal induct ion  component B,/B@ on t h e  
inductor  s u r f a c e  f o r  8 = 0 ,  as a_ func t ion  of E ,  and i n  t h e  relative 
th ickness  of t h e  conductive l a y e r  b (Figure 8).  I n  t h i s  case 4 c h a r a c t e r i z e s  
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t he  d i f f e rence  between t h e  angle  at  which t h e  phase s h i f t s  between the  normal 
induct ion  component f o r  d i f f e r e n t  va lues  of b and E and 
ponent on t h e  su r face  of t h e  inductor .  I f  E + 0,  then  71 

+ and + j2 . 
t a n g e n t i a l  com- 

Both t h e  amplitude of t h e  vec to r  and + decrease wi th  an inc rease  i n  E. 

In  t h e  case  of 1 ix I + 0,  the  angle a t  which the  phase s h i f t s  between 

0 I B g I  Tr 
both components s t r i v e s  t o  the  l i m i t i n g  va lue  - . Thus, f o r  6 5 1 BX 

BO 
- s t r i v e s  t o  t h e  l i m i t  from t h e  l e f t  s i d e  of t h e  b i s e c t o r ,  and i n  t h e  case  of 
b = 0.1  - 0.2 i t  s t r i v e s  t o  t h e  l i m i t  from the  r i g h t  s i d e .  However, f o r  
b = 0.25 - 0.75 t h e  geometric l oca t ion  of t h e  end of t h e  vec to r  has a poin t  
of i n f l e c t i o n  approaching t h e  l$it f i r s t  from t h e  r i g h t  s i d e ,  and then from 
the  l e f t  s i d e .  
vec to r  8 r ep resen t s  a semic i rc le .  I n  t h e  case  of 6 = 2 ,  t h e  vec to r  dia- 

I n  khe case  of b + 0,  t h e  geometric p o s i t i o n  of t h e  end of t h e  

X 

BO 
gram p r a c t i c a l l y  co inc ides  with the  curve i n  the  case of b = a. 

/27 

Figure 8 

Geometric Location of 
t he  End of t h e  Vector 

as a Function of E and b - 
BO 

Figure 9 

Dependence of sz on 5 i n  the  
Case of 8 = o 
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L e t  us present  t h e  r e l a t i o n s h i p s  f o r  t h e  components of t h e  ponderomotive 
f o r c e  i n  terms of t h e  dimensionless c r i te r ia  employed i n  t h e  work (Ref. 1 0 ) :  

- I28 The t r a n s v e r s e  component of t h e  f o r c e  has t h e  following form 

where (Fxct and Fzct are t h e  averaged t r a n s v e r s e  and l o n g i t u d i n a l  components 

of t h e  f o r c e ,  r e s p e c t i v e l y ,  a c t i n g  upon a volume of substance 2b m3 - i . e . ,  on 
a column wi th  u a i t  area Out out  of t h e  p l a t e  . 

Figure 10 

Dependence of Fx on w i n  t h e  Case of 8 = 0 

Figures 9 and 1 0  present  t h e  dependences ex and F z  according t o  ( 3 4 )  

and (35) as a func t ion  of w f o r  d i f f e r e n t  values  of t h e  parameter b '  = 

t h e  case of 6 = 0. 

- i n  
T 

The dependence of t h e  r a t i o  of t h e  m a x i m u m  va lues  of t h e  f o r c e  components 
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- and 
Fzmax on g / i s  given i n  Figure 11. The l i m i t i n g  va lue  of t h e  f o r c e  component 
- 
Fxmax 
F 

va lue  of t h e  func t ion  F ( E ) .  

- -  i . e . ,  t h e  depth t o  which t h e  t r a v e l i n g  magnetic f i e l d  p e n e t r a t e s  i s  l a r g e r  

i n  t h e  case  of E + m can be used a s  an approximate es t imate  of t h e  maximum 
X 

I f  t h e  th ickness  of t h e  conductive l a y e r  i s  small  
Z 

than b -- and i f  t h e  conductive l a y e r  i s  c l o s e  t o  t h e  inductor ,  then FZ max % 

lim Fx. 
E- 

The f l u x  of e l e c t r e m a g n e t -  /25) 
i c  power through a u n i t  of s u r f a c e  
of t h e  one-side$ inducLor a l s o  has  
two components TIx and TIz: 

* 1  Bzm . n,=z E,* - 

2 8  $ e ' -  

I 

i- $($12+$z2- l ) s i n 2 v ~ + $ ~ $ ~ ( c h  
Figure 11 

Dependence of F on G 
z m a x  

- 
Fx m a x  

The t a n g e n t i a l  component of t h e  ? o p t i n g  v e c t o r  has only a real  p a r t :  

Here 

TI expresses  t h a t  p o r t i o n  of t h e  electromagnet ic  energy which i s  propa- 
Z 

gated i n  t h e  d i r e c t i o n  of motion of t h e  t r a v e l i n g  magnetic f i e l d .  
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The r e s u l t s  der ived from so lv ing  t h e  problems descr ibed above may be 
appl ied i n  designing electromagnet ic  chutes €or  t r a n s p o r t i n g  molten f e r r o u s  
m e t a l s .  
m e t a l  i n  mel t ing furnaces  (Ref. 1 4  - 1 7 ,  R e f .  20 - 2 2 )  and f o r  non-contact flow 
m e t e r s  f o r  molten m e t a l  (Ref. 24,  2 5 ) .  

l a y e r  above t h e  inductor  and t h e  screen.  Since t h e  depth t o  which t h e  t r a v e l -  
i n g  magnetic f i e l d  p e n e t r a t e s  i n  t h e s e  cases i s  less than t h e  th ickness  of t h e  
molten m e t a l  l a y e r ,  i t  i s  u s u a l l y  assumed t h a t  i t s  th ickness  i s  i n f i n i t e .  In  
view of t h e  f a c t  t h a t  t h e  n a t u r e  of e lectromagnet ic  processes  i n  t h e  e l e c t r o -  
conductive l a y e r  does n o t  depend on o ther  l a y e r s  l o c a t e d  between t h e  l a y e r  
under cons idera t ion  and t h e  inductor ,  t h e  n a t u r e  of t h e s e  processes  i n  a molten 
m e t a l  i s  t h e  s a m e  as i n  conductive half-space.  

S i m i l a r  problems w e r e  solved f o r  e lectromagnet ic  mixing of a l i q u i d  

For e lectromagnet ic  mixers,  t h e  prob- 
l e m s  w e r e  solved wi th  many l a y e r s ,  with allowance f o r  an i n s u l a t i o n  /30 

-Y 

200 

\OD 

5 10 15 & U 

Figure 1 2  

Dependence of t h e  Phase S h i f t  
on E 

I 

r5 20 

Figure 13 

Dependence of t h e  Rat io  of t h e  Mag- 
n e t i c  Induct ion Amplitudes on E 

The problem w a s  solved (Ref. 2 4 )  f o r  a non-contact electroconduc- /31 
t i v e  medium v e l o c i t y  meter f o r  a system cons is t ing  of an inductor ,  
an electroconduct ive l a y e r ,  and a ferromagnetic packet.  It w a s  assumed t h a t  
1-1 = m f o r  t h e  inductor  and t h e  ferromagnetic packet 

cp= - a r c t g ( t h @ , b  tg@,b)  ( 3 9 )  

and 
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+ i s  t h e  phase l a g  of t h e  normal component of t h e  t r a v e l i n g  magnetic 
f i e l d  when i t  passes  through a l a y e r  of t h e  electroconduct ive medium, and 
H i s  t h e  r a t i o  of t h e  amplitudes of t h e  normal induct ion  component. 

Figures  12 and 13 present  t h e  dependence of t h e  angle  a t  which t h e  phase 
s h i f t s  + and t h e  r a t i o  of t h e  amplitudes upon t h e  parameters E f o r  the  t h r e e  
va lues  of = ba. 

4 .  Electromagnetic Processes  in- t h e  Travel ing Magnetic F i e l d  
p f  a Two-sided Inductor  

Several au thors  have i n v e s t i g a t e d  t h e  problem r e l a t e d  t o  t h e  phenomena 
i n  t h e  f i e l d  of a two-sided inductor .  The problem w a s  solved i n  t h e  works 
(Ref. 9 ,  10) f o r  any v a l u e  of + i n  a genera l  form. These problems are of 
i n t e r e s t  i n  designing equipment which employs t h e  normal component of t h e  
electromagnet ic  f o r c e ,  and f o r  equipment opera t ing  i n  t h e  case of + = 180". 
They 
f o r c e  component when + d e v i a t e s  from 0. 

are a l s o  of i n t e r e s t  f o r  determining t h e  inf luence  upon t h e  t a n g e n t i a l  

The problem w a s  solved i n  (Ref. 10) f o r  one l a y e r  ( t h e  t a n g e n t i a l  com- 
ponent of t h e  magnetic f i e l d  w a s  def ined on t h e  l a y e r  s u r f a c e ) .  
t h e  following va lues  of t h e  f i e l d s  hold w i t h i n  t h e  l a y e r :  

I n  t h i s  case, 

H ,  = - HO [sh $ ( b  + x )  -e@ sh  p ( b  - x )  ] eQ0sf-m). sh  2 $b 

I n  t h i s  case, t h e  th ickness  of t h e  conductive l a y e r  equals  2b. 

Rela t ionships  ( 4 1 )  and ( 4 2 )  may be employed t o  obta in  t h e  equat ion /32 
f o r  t h e  f o r c e  l i n e s  of t h e  magnetic f i e l d ,  which has t h e  following form f o r  
no-load opera t ion :  

dx - -  ch-a ( b  + x )  sin a z + c h  a ( b  - x )  sin (az--7)) 
dz - sh a ( 6 + ~ ) c o s a ~ - s h a ( b - ~ ~ ) c o s ( a z - ~ ) '  ( 4 4 )  

I n  c o n t r a s t  t o  t h e  angle  + which w a s  introduced previously,  h e r e  Y 
c h a r a c t e r i z e s  t h e  phase s h i f t  between c u r r e n t s  flowing i n  t h e  d i r e c t i o n  of 
t h e  y-axis,  s i n c e  i t  i s  more advantageous t o  measure t h e  c u r r e n t  i n s t e a d  of 
t h e  magnetic f i e l d  i n  p r a c t i c e .  Only i n  two cases does + = Y hold: when 
they both equal  0 ,  o r  180". Figures  14 and 15 present  a p i c t u r e  of t h e  f o r c e  
l i n e s  of t h e  magnetic f i e l d  during no-load opera t ion  (ca lcu la ted  by Yu. K. 
Krumin) f o r  va lues  of Y equal l ing  0 and go", i n  t h e  case of a= 0.5 - i .e. ,  

when t h e  th ickness  of t h e  p l a t e  i s  two t i m e s  smaller than T, s i n c e  t h e  depend- 
ence on Y i s  more apparent f o r  t h i n  p l a t e s  than i t  is  f o r  t h i c k  p l a t e s .  

T 
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I n  t h i s  case, it w a s  found t h a t  two components (which are d i f f e r e n t  
from zero) of t h e  ponderomotive f o r c e  which is averaged over t i m e  and space 
may exist - t h e  l o n g i t u d i n a l  component which i s  i n  opera t ion  i n  t h e  d i r e c t i o n  
of motion of t h e  f i e l d ,  and t h e  t r a n s v e r s e  component which opera tes  i n  /33 
t h e  d i r e c t i o n  of t h e  x-axis.  

Figure 1 4  Figure 15 

Force Lines of t h e  Travel ing Mag- 
n e t i c  F i e l d  i n  t h e  Clearance of a 
Two-sided Inductor  i n  t h e  Case of 
Y = O  

Force Lines of t h e  Travel ing Mag- 
n e t i c  F i e l d  i n  t h e  Clearance of a 
Two-sided Inductor  i n  t h e  Case of 
Y = goo 

The f o r c e  components may be expressed a s  fol lows i n  dimensionless form: 

where 

where F 

components, r e s p e c t i v e l y ,  a c t i n g  upon a column c u t  ou t  of a p l a t e  with a 
c ross  s e c t i o n  of 1 u n i t  of area. 

and F des igna te  t h e  averaged t r a n s v e r s e  and l o n g i t u d i n a l  f o r c e  x c t  z c t  

Figures  16-18 graphica l ly  i l l u s t r a t e  t h e  dependence of ( 4 6 )  - ( 4 8 )  on - 
w, b u t ,  i n s t e a d  of 6 ,  a more convenient c r i t e r i o n  i s  introduced 

I n  t h e  case of w <<Cy a d i r e c t l y  propor t iona l  r e l a t i o n s h i p  always e x i s t s  
between t h e  magnitude of t h e  f o r c e  and t h e  va lue  of t h e  dimensionless c r i t e r i o n  - 
w. 
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Figure 16 
- 

0 On 
Dependence of F 

I n  t h e  case of w. >>6 and w >> 1 - i . e . ,  when t h e r e  i s  a s t r o n g l y  expressed, /34 
s u r f a c e  e f f e c t  - Fo 2 F180 Q ~ , where t h e  z-component of f o r c e  str ives 

t o  zero i n  i n v e r s e  propor t ion  t o  42w 
inductor  i s  switched on concurrent ly  wi th  F 
i n  t h e  case  of w >> 6 - when 9 = 0’’ but  i n  t h e  case cf w <<1 t h e  f o r c e  changes 
i n  i n v e r s e  propor t ion  t o  t h e  f i r s t  power of w . 
of t h e  curves occur i n  t h e  case of w 

1 - - 

42w ~ . For t h e  z-force component, when t h e  
t h e r e  i s  one c h a r a c t e r i s t i c  region -- 0 

a l l  t h e  m a x i m a  /35 
There i s  no such l i m i t  f o r  Fo, 

180’ For F 

>> 2.5. 

and t h e  m a x i m u m  va lue  of t h e  f o r c e  i n c r e a s e s  with a decrease i n  6,  s h i f t i n g  
toward smaller va lues  of w simultaneously.  
s k i n  e f f e c t ,  t h e  va lues  of F and F 

v a l u e  of 0.354. 

When t h e r e  i s  a sharp ly  expressed 
coincide,  and t h e  maxima s t r ive  t o  t h e  180 0 

The t r a n s v e r s e  f o r c e  component ? a l s o  has  maxima wi th  r e s p e c t  t o  w. 
- X 

When t h e r e  i s  a decrease i n  6, t h e  m a x i m u m  v a l u e  of Fx strives t o  t h e  value 

s i n  4 
of 0.25. I n  c o n t r a s t  t o  F F i s  an a l t e r n a t i n g  func t ion  of t h e  condi t ion  

w. 
- t h e  region of t h e  f i r s t  maximum i s  of p r a c t i c a l  importance. I n  t h e  case  of 
w >>g, w e  have 

2’ x - 
However, t h e  a b s o l u t e  va lues  of i t s  extremums decrease so  r a p i d l y  t h a t  only 

I f  t h e  s u r f a c e  c u r r e n t s  are given on t h e  s u r f a c e  of t h e  inductor  
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Figure 1 7  
Figure 18 

- 
180 On 

Dependence of F - 
Dependence of F on w 

X 
s i n  9 

as w e l l  as t h e  space behind t h e  s u r f a c e  c u r r e n t s  - i . e . ,  i f  i t  i s  occupied by 
a substance with the s p e c i f i c  conduct iv i ty  0’ and t h e  magnetic permeabi l i ty  p ’  
i n  t h e  case of Ixi>b - then t h e  f i e l d  s t r e n g t h  H = HZO i n  t h e  case of x = b 

and A are r e l a t e d  by t h e  following r e l a t i o n s h i p  : 
0 

0 

(p is t h e  magnetic permeabi l i ty  of t h e  conductive band). 

The angles  at which t h e  phase s h i f t s  between t h e  f i e l d s  9 and t h e  c u r r e n t s  
Y i n  t h e  inductor  are r e l a t e d  as fol lows:  

I n  t h e  case of Y = Oo, 9 = Y and 
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I n  t h e  case of Y = 180" 4 = Y and 

where 

( 5 2 )  

/36 

( 5 3 )  

I. A. Tyutin and E. K. Yankop (Ref. 6 )  have solved t h e  problem f o r  
9 = 0" and t h e  number of l a y e r s  n E 5,  taking i n t o  account both t h e  inf luence  
of t h e  immobile channel w a l l s ,  and t h e  non-conductive hea t - insu la t ing  l a y e r s .  
Then s1 = s - - s4 = s5 = 1; 

UI =us =o; u2= u 4  = ut; u3=u; 

PI= $s= a; 8 4  = p 2 =  pf ; 8 3 = P ;  

bz= b,= bt; b ,=b;  b l=bg=bi ;  

The normal component of magnetic induct ion  on t h e  inductor  s u r f a c e  i s  assumed 
t o  b e  given. 

R. A. Pet rovich  solved a similar problem, def in ing  t h e  t a n g e n t i a l  com- 
ponent on t h e  inductor  sur face .  Since i t  i s  more advantageous t o  def ine  t h e  
t a n g e n t i a l  component, l e t  us only i n v e s t i g a t e  t h e  s o l u t i o n  of Petrovich.  On 
t h e  o t h e r  hand, i f  w e  know one s o l u t i o n ,  w e  may r e a d i l y  o b t a i n  another  solu-  
t i o n  by means of t h e  following r e l a t i o n s h i p  

H,o=iHoctha b , ,  ( 5 4 )  

where H i s  t h e  amplitude of t h e  normal component of t h e  magnetic f i e l d  on 

t h e  inductor  s u r f a c e .  
xo 

L e t  us  w r i t e  t h e  amplitudes of t h e  induct ion  components i n  s e p a r a t e  
reg ions  of t h e  clearance:  

B , V = p o A o i  ( F c h a x - L s h a x ) ,  R ( 5 5 )  
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- p',sh f i t  x. ( 6 0 )  R B L I I I  - ---- 

The dens i ty  of t h e  induced c u r r e n t s  i n  reg ions  I11 and I V  is:  

po A0 0 si i r r r  = - R $t ch p,rI (61) 

b 
iIv= - R [ p s h p T s h p t  (x- ; )  + 

+ p t  ch p ch pt (x-+)] . (62) 

Here 
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The electromagnet ic  p r e s s u r e  a c t i n g  upon t h e  conductive band, which i s  
averaged over t i m e  and over  l a y e r  th ickness  and which i s  r e f e r r e d  t o  a u n i t  of 
l a y e r  length ,  equals  

6 
2 The normal component of t h e  Poynting v e c t o r  on t h e  s u r f a c e  x = - h a s  

t h e  following form 

- 1  * 
nxi=- E,i H,f = 2 

(67) 
- - i o p o 2 ~ o ~ ( F * c h a x - L * s h a x )  (Fshax-Lchax).  

U R  

By computing t h e  a c t i v e  power, w e  may f i n d  t h e  power which i s  l i b e r a t e d  
i n  molten meta l ,  and w e  may determine t h e  l o s s e s  a t  t h e  channel w a l l s  i n  t h e  
form of t h e  d i f f e r e n c e  between t h e  t o t a l  f l u x  of a c t i v e  power passing through 
t h e  channel w a l l  and t h e  power l i b e r a t e d  i n  them. 

L e t  us  i n v e s t i g a t e  certain s i m p l i f i e d  cases (Ref. 7 ) .  

I f  ot = 0,  t h e  electromagnet ic  pressure  of t h e  pump w i l l  be 

where R = 2 ~ p  

p a i r s  of winding p o l e s ;  

i s  t h e  length  of t h e  pump active Z O Z ;  pn i s  t h e  number of n 

YI=FIsh3a(b-bj+F3ch 1 - 1 a ( b - 8 ) ;  
2 
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The active power transmitted to the molten metal and the electromagnetic 
pressure are related by the following simple relationship 

Pa=pe Qst ( 6 9 )  

where Q 
of the moltem metal 

is the output of the pump corresponding to the synchronous velocity 
S 

(70) Q, = 271 ab 

(where a is the width of the pump channel in the direction of the y-axis). 

The electromagnetic power P represents the sum of two components: the a 

Pb=pe S QS (71) 

power of the Joule heat losses 

and the mechanical power 

PZ=Pe( 1 -s) Qs-PeQ, (72) 

where Q is the real output of the pump. 

The reactive power consumed when the magnetic flux passes through the 
clearance i s  I 

Let us examine the special case E <<1. In physical terms, this means 
that the magnetic induction produced by the induction currents in the con- 
ductive band is considerably less than the primary (exciting) induction. The 
expressions for the electromagnetic pressure and powers may then be con- /40 
siderably simplified: 

Here we have 
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A s  may be seen from expressions (74 and 75),  t h e  electromagnet ic  p r e s s -  
u r e  and t h e  active power are d i r e c t l y  propor t iona l  t o  E i n  the case of E <<1. 

I f  T >> b,  then t h e  t a n g e n t i a l  component of t h e  magnetic induct ion i s  
s m a l l  as compared wi th  t h e  normal component. The la t te r  i s  almost uniform 
wi th  respec t  t o  t h e  c learance  he ight .  

I n  t h i s  case, w e  have 

The s t u d i e s  (Ref. 18, 19) solved t h e  problems with respec t  t o  e l e c t r o -  
magnetic processes  i n  a conductive l a y e r  having t h e  f i n i t e  width 2a ( i . e . ,  wi th  
allowance f o r  t h e  t r a n s v e r s e  edge e f f e c t ) .  It is  assumed t h a t  t h e  magnetic 
f i e l d  i n  t h e  c learance  of t h e  inductor  w a s  p l a n e - p a r a l l e l  ( see  t h e  a r t i c l e  by 
Yu. A. Mikel’son i n  t h e  present  c o l l e c t i o n ) .  I n  p a r t i c u l a r ,  t h i s  work obtained 
t h e  expressions f o r  t h e  electromagnet ic  pressure  pc and t h e  power Pa. Assum- 
ing  t h a t  a = m i n  t h e s e  formulas,  i . e . ,  assuming t h a t  t h e  width of t h e  p l a t e  
w a s  i n f i n i t e l y  l a r g e ,  they w e r e  transformed i n t o  

and 

i . e . ,  they correspond t o  t h e  approximation of t h e  s o l u t i o n  of R. A. Petrovich 
i n  t h e  case of T > > d  given above. H e r e  E ’  = E ; B i s  t h e  induct ion i n  t h e  

c learance  during no-load operat ion.  
6 

The theory f o r  e lectromagnet ic  processes  i n  an i n f i n i t e l y  wide l a y e r ,  
loca ted  i n  a t r a v e l i n g  magnetic f i e l d ,  has  been developed i n  g r e a t e r  d e t a i l  
than i n  l a y e r s  of f i n i t e  width,  s i n c e  a mathematical  a n a l y s i s  i s  s h i p l e r .  
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HIGHER SPATIAL HARMONICS OF THE MAGNETIC FIELD OF AN 
INDUCTION MHD MACHINE 

- I 4 3  

Yu. Y a .  Mikel'son 

1. In t roduct ion  

I n  terms of t h e i r  p r i n c i p l e  of opera t ion ,  induct ion  MHD machines are 
similar t o  asynchronous e l e c t r i c  machines. J u s t  as i n  asynchronous engines,  
t h e  winding of t h e  s t a t o r  produces a t r a v e l i n g  magnetic f i e l d ,  under t h e  in- 
f luence  of which c u r r e n t s  are induced i n  t h e  molten m e t a l  of t h e  MHD machine 
( i n  t h e  r o t o r  of t h e  asynchronous machine). The i n t e r a c t i o n  of t h e s e  c u r r e n t s  
with t h e  magnetic f i e l d  of t h e  s t a t o r  leads  t o  t h e  formation of ponderomotive 
forces .  Therefore ,  t h e r e  i s  a c e r t a i n  s i m i l a r i t y  between c e r t a i n  problems in-  
volved i n  t h e  theory of asynchronous engines and induct ion  MHD machines. One 
of t h e s e  problems i s  t h e  devia t ion  of t h e  t r a v e l i n g  magnetic f i e l d  from a 
s i n u s o i d a l  one. This devia t ion  i s  caused by several f a c t o r s .  The most im- 
por tan t  f a c t o r  i s  t h e  s p a t i a l  d i s t r i b u t i o n  of t h e  s t a t o r  winding and t h e  non- 
uniformity of t h e  a i r  gap ( p r o j e c t i o n s  and grooves on t h e  steel  s u r f a c e  of t h e  
s t a t o r ) .  These f a c t o r s  occur both i n  asynchronous engines and i n  MHD machines. 
However, they may have a d i f f e r e n t  in f luence  upon t h e  opera t ion  of t h e  mach- 
i n e  due t o  d i f f e r e n c e s  i n  both devices .  W e  would l i k e  t o  emphasize t h e  follow- 
ing  d i f fe rences :  

(1) The "rotor"  of t h e  MHD machine r e p r e s e n t s  a s o l i d ,  l i q u i d  conductive 
medium, i n  c o n t r a s t  t o  t h e  d i s c r e t e  conductors of t h e  r o t o r  winding of t h e  
asynchronous machine; 

(2) The clearance between t h e  r o t o r  and t h e  s t a t o r  of t h e  asynchronous 
machine may d i f f e r  g r e a t l y  from t h i s  c learance  i n  t h e  induct ion  MHD machine; 

(3 )  The s t a t o r  of t h e  induct ion  MHD machine may be both one-sided and 
two-sided; 

( 4 )  The o p e r a t i o n a l  regimes of t h e  machines under cons idera t ion  are 
d i f f e r e n t .  A s  a r u l e ,  t h e  asynchronous engines opera te  wi th  s l i p p i n g  which i s  
c l o s e  t o  zero.  Not a l l  of t h e s e  d i f f e r e n c e s  p lay  t h e  same r o l e .  An i n c r e a s e  
i n  t h e  clearance between t h e  r o t o r  and t h e  s t a t o r  i n  a MHD machine, as compared 
with an asynchronous machine, reduces 

t h e  MHD machine may lead  t o  an i n c r e a s e  i n  t h e  inf luence  of t h e  h.s.h.  upon 
i t .  

t h e  r o l e  of t h e  higher  s p a t i a l  harmonics 
(h . s .h . ) ,  whi le  t h e  wide region of s l i p p i n g s  and t h e  s o l i d  "rotor"  of /44 

Many authors  have i n v e s t i g a t e d  t h e  harmonics produced due t o t h e  s p a t i a l  
d i s t r i b u t i o n  of t h e  multiphase s t a t o r  winding, and have determined t h e i r  in-  
f luence  upon t h e  motion of t h e  r o t o r .  The r e s u l t s  der ived from a l a r g e  number 
of these  works have been genera l ized  i n  (Ref. 1). 
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Figure 1 

I n f i n i t e  Layer of a Conductor (Above) and a Magnetic Current (Below). The 
Linear  Current Load (Ref. 1 2 )  i s  Given on t h e  Surface of t h e  Magnetic C i r c u i t .  

The s p a t i a l  d i s t r i b u t i o n  of a winding of mult iphase cur ren t  leads  t o  
t h e  f a c t  t h a t  a magnetic f i e l d  i s  produced which c o n s i s t s  of an i n f i n i t e  series 
of harmonics t r a v e l i n g  i n  t h e  oppos i te  d i r e c t i o n s .  I n  p a r t i c u l a r ,  harmonics 
of t h e  orders  6k + 1 occur f o r  a symmetrical, three-phase winding, where 
k = 0 ,  3- 1, 5 2 ,  ... The p o s i t i v e  and negat ive harmonics have d i f f e r e n t  d i r e c t i o n s  
of motion. The number of grooves p e r  po le  and per  phase and t h e  contrac- 
t i o n  of t h e  winding s t e p  are descr ibed by means of t h e  so-cal led winding co- 
e f f i c i e n t s  k I n  t h e  major i ty  of cases, t h e  h.s.h.  are disregarded when win * 

t h e  electromagnet ic  processes  i n  a MHD machine are i n v e s t i g a t e d  (Ref. 2-5). 
I n  many cases, t h i s  i s  v a l i d  - f o r  example, i n  t h e  case of l a r g e  non-magnetic 
c learances ,  and a s u f f i c i e n t l y  t h i c k  conductor l a y e r .  Due t o  t h e  smallness 
of t h e  c learance  between t h e  r o t o r  and t h e  s t a t o r ,  t h e  h.s.h. play a s i g n i f i -  
cant  r o l e  i n  asynchronous motors. Therefore ,  s p e c i a l  measures should be taken 
t o  suppress  them. With r e s p e c t  t o  MHD machines, t h e  i n f l u e n c e  of t h e  h.s .h .  
i n  a molten m e t a l  and i n  a s t a t o r  uDon electrodynamic f o r c e  dens i ty  and energy 
l o s s e s  has  n o t  been s t u d i e d  s u f f i c i e n t l y  (Ref. 6-11). 

I. M. Postnikov (Ref. 1 2 )  has  presented a method f o r  computing t h e  l o s s e s  
from h.s .h .  i n  t h e  r o t o r  of an asynchronous machine. H i s  method may b e  employ- 
ed t o  c a l c u l a t e  t h e  l o s s e s  i n  a MHD machine with a one-sided inductor  f o r  a 
s u f f i c i e n t l y  t h i c k  l a y e r  of molten m e t a l  ( t h e o r e t i c a l l y  i n f i n i t e )  (Figure 1). 

machine wi th  a two-sided inductor .  I n  t h e  case of t h e  two-sided inductor ,  
t h e  l a y e r  of molten m e t a l  has  a f i n i t e  th ickness  i n  c o n t r a s t  t o  t h e  i n f i n i t e l y  
t h i c k  l a y e r  (Ref. 1 2 ) .  The windings of t h e  s t a t o r  wi th  magnetic c i r c u i t s  are 
loca ted  on both s i d e s  of t h e  molten m e t a l  l a y e r .  

V 

However, t h i s  method i s  n o t  a p p l i c a b l e  f o r  c a l c u l a t i n g  l o s s e s  i n  a MHD /45 

m e t a l  

g r e a t l y  i n  t h e  case of a two-sided and a one-sided inductor  of t h e  magnetic 
f i e l d  (Ref. 6 ) .  I n  a d d i t i o n ,  t h e  determinat ion of t h e  expansion c o e f f i c i e n t s  
(Ref. 12) of l i n e a r  c u r r e n t  loading i n  series wi th  r e s p e c t  t o  i n d i v i d u a l  har- 
monics, when t h e r e  are grooves on t h e  s u r f a c e  of t h e  s t a t o r ,  i s  an  independent 

The electromagnet ic  f i e l d s  i n  t h e  molten/of a MHD machine may d i f f e r  
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problem (Ref. 18). 
of the theory of electric machines in (Ref. 12). 

These coefficients were assumed to be known on the basis 

The influence of h.s.h. on the density of the electrodynamic forces and 
Joule heat losses in the model of a MHD machine with a two-sided symmetrical 
inductor was investigated in (Ref. 10) .  It was shown in this report that in 
several cases the h.s.h. makes a significant contribution to the energy losses 
and to the density of the electrodynamic forces. 

The influence of a non-uniform air gap upon the motion of the rotor of 
an asynchronous machine was also investigated in (Ref. 1). This problem may 
be reduced to determining the induction of the magnetic field on the surface 
of a smooth medium (rotor) with a magnetic permeability of 1-1 = w and electric 
conductivity of o = 0 ,  when there is one infinitely deep groove (Ref. 13) or 
an infinite series of grooves (Ref. 14) in another medium (in the steel of the 
stator) also with 1-1 = and o = 0 (Figures 2 and 3 ) .  

x 

Figure 2 

Infinite Groove in a Magnetic Circuit Opposite a Smooth Magnetic Circuit 
(Ref. 1) 

For the theoretical computations, it is assumed that the dimensions /46 
of the portions of the systems shown in Figures 2 and 3 along the z-and y- 
axes are infinite. 

The difference of the magnetic potentials between a smooth and 
serrated medium with 1-1 = m and o = 0 is assumed to be constant. The problem 
may be solved by the method of conformal mapping on the basis of the theory of 
the scalar magnetic potential. The presence of grooves leads to a decrease in 
the average magnitude of the induction on the smooth surface of the "rotor". 
This is taken into account by the Carter coefficient in the first approximation 
in practical applications (Ref. 1). The exact distribution of the field in the 
clearance is determined in (Ref. 14). However, in view of the cumbersome nature 
of the final results, the amplitude of separate harmonics corresponding to the 
projections was calculated only in this special case by Freeman (Ref. 16). 
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Figure 3 

I n f i n i t e  System of Grooves and P r o j e c t i o n s  Opposite a Smooth 
Magnetic C i r c u i t  (Ref. 14)  

A . I .  Vol'dek (Ref. 15) has  provided a s i m p l i f i e d  method f o r  c a l c u l a t i n g  t h e s e  
harmonics. For example, S .  P .  P e c h e r i t s a  (Ref. 1 7 )  has employed h i s  methods. 
However, even f o r  asynchronous motors i t  i s  impossible t o  assume t h a t  t h e  prob- 
l e m  of s e r r a t e d  p u l s a t i o n s  has  been s tudied  exhaust ively.  The problem remains open 
regarding t h e  d i s t r i b u t i o n  of t h e  f i e l d  w i t h i n  t h e  c learance ,  and n o t  only on 
t h e  s u r f a c e  of t h e  " ro tor l l , regard ing  t h e  inf luence  of t h e  depth and width of 
t h e  grooves upon t h i s  d i s t r i b u t i o n ,  as w e l l  as o t h e r  problems. A conductive 
medium i s  l o c a t e d  w i t h i n  t h e  clearance i n  a MHD machine. The d i s t r i b u t i o n  of 
t h e  f i e l d  i n  t h i s  medium,taking t h e  non-uniformity of t h e  clearance i n t o  acr 
count,  i s  a l s o  of i n t e r e s t .  This d i s t r i b u t i o n  inf luences  t h e  dens i ty  of elec- 
trodynamic f o r c e s  and energy l o s s e s  i n  an induct ion  MHD machine. 
i n v e s t i g a t i o n  of t h i s  problem w a s  performed i n  (Ref, 18), and some of t h e  re- 
s u l t s  der ived i n  t h i s  s tudy w i l l  be  i n v e s t i g a t e d  below. 

A t h e n r e t i c a l  

2 .  H.s.h. From t h e  S p a t i a l  D i s t r i b u t i o n  of t h e  Winding with /47 
a Smooth S t e e l  Surface of t h e  S t a t o r  

There are s e v e r a l  f a c t o r s  which complicate a t h e o r e t i c a l  i n v e s t i g a t i o n  
of t h e  inf luence  of h.s.h.  upon t h e  electromagnet ic  processes  i n  an induct ion  
MHD machine. 
termine t h e  p r o p e r t i e s  of t h e  materials from which t h e  channel of t h e  MHD mach- 
i n e ,  t h e  s t a t o r ,  and t h e  winding are made. The v e l o c i t y  of t h e  molten m e t a l  i n  
t h e  channel of. t h e  MHD machine i s  n o t  cons tan t  over t h e  cross-sect ion.  It i s  im-  
p o s s i b l e  t o  make s t r i c t  allowance f o r  a l l  of t h e s e  f a c t o r s ,  Therefore,  several 
s i m p l i f i c a t i o n s  must b e  employed i n  t h e o r e t i c a l  computations, The f i n i t e  dim- 
ensions of t h e  MHD machine are disregarded i n  an i n v e s t i g a t i o n  of t h e  r o l e  of 
h.s.h.  

Any real MHD machine has  f i n i t e  dimensions, which completely de- 
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L e t  us i n v e s t i g a t e  t h e  s i m p l i f i e d  model shown i n  Figure 4 .  

Non-Symmetrical Model of a MHD Transformer with Conductive 
Channel Walls 

Here, region I i s  t h e  working component of t h e  MHD machine with con- 

0 '  d u c t i v i t y  (J and magnetic permeabi l i ty  1-1 

non-magnetic c learance.  

The regions I1 and I11 represent  t h e  

The winding of t h e  s t a t o r  i s  u s u a l l y  loca ted  i n  s p e c i a l  grooves of t h e  
s t a t o r  s teel .  The grooves make t h e  non-magnetic c learance  of t h e  MHD machine 
non-uniform, but  w e  s h a l l  f i r s t  i n v e s t i g a t e  t h e  smooth s teel  s u r f a c e  of t h e  
s t a t o r  ( t h e  inf luence  of t h e  grooves w i l l  be i n v e s t i g a t e d  i n  s e c t i o n  t h r e e ) .  
I n  t h i s  connection, l e t  us  p lace  t h e  winding of t h e  model of t h e  s t a t o r  ( see  
Figure 4 )  i n  t h e  c learance  between t h e  channel of t h e  MHD machine and t h e  sta- 
t o r .  By changing t h e  d i s t a n c e s  dl and d2, w e  may obta in  any arrangement of 

t h e  winding i n  t h e  c learance .  Thus, i n  t h e  case of d = R and d2 = R2 t h e  1 1  
winding l i e s  on t h e  s teel  s u r f a c e  of t h e  s t a t o r .  
i s  shown) c o n s i s t s  of q l i n e a r  p l a t e s  having t h e  th ickness  h (q grooves p e r  
po le  and p e r  phase).  

( t h e  width of t h e  ' 'projection" i s  t - h ) .  The d i s t a n c e  between t h e  for -  /48 
ward and i n v e r s e  c u r r e n t s  of one phase i s  A ;  t h e  p o l a r  s t e p  i s  r ;  ( t h e  r a t i o  

1 

The winding (only one phase 

The d i s t a n c e  between t h e  p l a t e s  i n  one phase i s  t - h 1 

1 

c h a r a c t e r i z e s  t h e  cont rac t ion  of t h e  winding s t e p ) .  
r 

Regions I V  and V i n  Figure 4 are t h e  channel w a l l s  of an induct ion MHD 
machine with conduct iv i ty  (J magnetic permeabi l i ty  v and th ickness  6 and 

6 2 .  It i s  assumed t h a t  v e l o c i t y  of t h e  medium of r.egion I is  i d e n t i c a l  a t  

every poin t  and equals  v(O,O,u) . It i s  assumed t h a t  t h e  cur ren t  i s  a s in-  
uso ida l  cur ren t  with t h e  angular  frequency w, and i s  uniformly d i s t r i b u t e d  
over a l l  p l a t e s  of one phase. The cur ren t  amplitude of one phase of t h e  wind- 
ing  i n  region I1 i s  101; i n  region I11 it is  102. The phase s h i f t  between 

C '  0' 1 
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t h e  c u r r e n t s  i n  t h e  upper and lower inductors  i s  9.  A m e d i u m  with p = 
o = 0 i s  loca ted  behine t h e  winding. The o t h e r  geometric dimensions are 
shown i n  t h e  f i g u r e .  

and 

A f t e r  a t h e o r e t i c a l  i n v e s t i g a t i o n  of t h e  modal of t h e  MHD machine s h o d  
i n  Figure 4 ( s e e  appendix l), w e  may f i n d  t h e  z-component (which i s  averaged 
over t i m e  and t h e  coordinates)  of t h e  f o r c e  d e n s i t y  

f z  = c fZY 

V 

t h e  x-component (which i s  averaged over t ime and z-coordinate) of t h e  f o r c e  
dens it y 

t h  where v = 6k + 1, k = 0, 21, +2, ...; f, g i v e s  t h e  f o r c e  d e n s i t y  of t h e  v- 
harmonics of t h e  t r a v e l i n g  magnetic f i e l d .  

depending on t h e  s l ipp ing .  

ne1  of t h e  MHD machine may be obtained by means of t h e  x-component of t h e  
Poynting v e c t o r :  

f may b e  p o s i t i v e  o r  negat ive,  
ZV 

The mean J o u l e  h e a t  losses QJoule i n  t h e  chan- 

1 
%I ( 3 )  

Res,= - f x .  

The energy l o s s e s  i n  t h e  molten m e t a l *  a r e  

i n  t h e  channel w a l l s  

where R e  des igna tes  t h e  r e a l  p a r t .  

I n  numerical  c a l c u l a t i o n s  of t h e  f o r c e  d e n s i t y  and J o u l e  h e a t  loss- /49 
es i n  an induct ion  MHD machine, i t  i s  advantageous t o  in t roduce  t h e  r e l a t i v e  
f o r c e  d e n s i t y  and J o u l e  l o s s e s :  

26 
f z  = f z  ---, 

POI0 

ab 
-Q =Q&2/02. 

(7) 

The c o n t r i b u t i o n  made by t h e  h.s.h. t o  t h e  f o r c e  d e n s i t y  and Joule h e a t  
l o s s e s  i s  t h e  d i f f e r e n c e  between t h e  sum of t h e  series and t h e  f i r s t  term of 

* Energy l o s s e s  i n  a ver t ical  column wi th  u n i t  t r a n s v e r s e  cross-sect ion.  
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t h e  series (1) , ( 2 ) .  

The computations of t h e  f o r c e  dens i ty  and J o u l e  h e a t  l o s s e s  according t o  
formulas (7)  and (8) are cumbersome. The computations w e r e  performed on a 
BESM-2 i n  t h e  Computing Center of Lenningrad S ta te  Universi ty  imeni i  P. Stuchok 
f o r  t h e  s p e c i a l  case when 

bl=&=O, dl=d2=fI=f2=d, A=%, h=O, 
z v=o. /01=102=/0 ,  t i = -  q = l ;  3; 5’ 

39 ’ 
and it  w a s  found t h a t  t h e  cont r ibu t ion  made by t h e  h.s .h .  t o  t h e  f o r c e  den- 
s i t y  and Joule h e a t  l o s s e s  may be q u i t e  s i g n i f i c a n t  f o r  s p e c i f i c  va lues  of t h e  - 
parameters.  I n  t h i s  s p e c i a l  case, f and 

following dimensionless parameters:  
z 

I oJo w e r e  expressed by means of t h e  

z E =  6’ 

The computations of f and GJo were 

r e n t  dens i ty  Jo = 310 . We s h a l l  p resent  
Z 

7 

performed f o r  a constant  l i n e a r  cur- 

some r e s u l t s  der ived from t h e  numeri- 

cal  c a l c u l a t i o n .  
of E = 1, 5 = 20,  q = 1 and d i f f e r e n t  values  of 5 and s. Table 2 p r e s e n t s  t h e  
relative Joule  h e a t  l o s s e s  i n  t h e  channel of a MHD machine f o r  t h e  same values  
of t h e  parameters.  A s  may be seen, t h e  c o n t r i b u t i o n  made by t h e  h.s.h. t o  t h e  
f o r c e  dens i ty  and t h e  J o u l e  h e a t  l o s s e s  depends on t h e  paramteter  5 .  The r o l e  
of t h e  h.s .h .  i s  g r e a t e s t  f o r  s m a l l  va lues  of t h e  parameter 5 .  Thus, f o r  ex- 
ample, i n  t h e  case of 5 = 10-3, 5 = 20,  E = 1, q = 1, s = 1, Zzl comprises 

only 72% of f z .  
5 > 0.1,  i t  i s  p r a c t i c a l l y  impossible t o  take  i n t o  account t h e  inf luence  of 
t h e  h . s .h . .  It must be noted t h a t  i n  t h e  case of s = 1 - i . e . ,  when t h e  molten 
m e t a l  i s  immobile - t h e  cont r ibu t ion  made by t h e  h.s .h .  i s  minimal. 

Thus, Table 1 p r e s e n t s  t h e  re la t ive f o r c e  d e n s i t y  i n  t h e  case 

The s i t u a t i o n  i s  t h e  same f o r  0 and gJ0 1. I n  t h e  case of Jo 

It thus  fol lows t h a t  i t  is  impossible t o  estimate t h e  inf luence  of 
t h e  h.s.h. i n  t h e  case of s = 1; i t  w i l l  be  too  low. The t a b l e s  present  
f Z  and QJo i n  t h e  case of q = 1, which corresponds t o  t h e  case i n  which t h e  

cont r ibu t ion  made by t h e  h.s .h .  i s  g r e a t e s t .  For s m a l l  5, q > 1 i n  real  MHD 
machines. An i n c r e a s e  i n  q leads  t o  a reduct ion i n  t h e  r o l e  of t h e  h. s .h. .  
This may be r e a d i l y  seen from t h e  graphs shown i n  Figures  5 and 6. 

/51 
- 

Thus, f o r  example, Figure 5 p r e s e n t s  a graph showing t h e  dependence of 
t h e  dimensionless f o r c e  dens i ty  7 
term of t h e  s e r i e s )  f o r  t h e  following va lues  of t h e  dimensionless parameters 

on t h e  s l i p p i n g  (sum of t h e  series and f i r s t  
z 
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(Ref. 10):  5 = 10 , E = 3.72, 5 = 10, q = 1; 3 ; 5 .  

Figure 6 shows t h e  dependence of t h e  J o u l e  h e a t  l o s s e s  on t h e  s l i p p i n g  
f o r  t h e  same values  of t h e  dimensionless parameters.  
t h a t  t h e  f i r s t  term of t h e  series of t h e  f o r c e  d e n s i t y  and t h e  J o u l e  h e a t  loss-  
es d i f f e r s  t h e l e a s t  from t h e  sum of t h e  e n t i r e  series i n  t h e  case of s = 1. 
Thus, f o r  example, i n  t h e  case of s = 1 t h e  e n t i r e  f o r c e  d e n s i t y  p r a c t i c a l l y  co- 
i n c i d e s  wi th  t h e  f i r s t  term of t h e  series (l), whereas i n  t h e  case of s = -2 

It should aga in  be noted 
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Figure 5 Figure 6 

1 - F i r s t  Term of t h e  Series 1 - F i r s t  Term of t h e  Series 
J o  1 

i n  t h e  Case of q = 1; 2 - Q,, i n  t h e  

Case of q = 1; 3 - QJo i n  t h e  Case 

- 
fzl  i n  t h e  Case of q = 1; - 

2- - i n  t h e  Case of q = 1; 

3 - ? 
4 - 

Z l  
i n  t h e  Case of q = 3;  

i n  t h e  Case of q = 5. 
i n  t h e  Case of 

Q J O  
Z of q = 3 ;  4 -  

z q = 5 .  

(generator  regime) and i n  t h e  case of q = 1 t h e  d i f f e r e n c e  i s  a f a c t o r  of four .  
I n  t h e  case of q = 3 t h e  d i f f e r e n c e  i s  a f a c t o r  of 1 .62 ,  and i n  t h e  case of 
q = 5 -- 1.24 (see  Figure 5 ) .  The s i t u a t i o n  i s  t h e  same f o r  t h e  J o u l e  heat  
losses ( see  Figure 6 ) .  

It fol lows from t h e  t a b l e s  and graphs presented above t h a t  allowance /52 
f o r  only t h e  f i r s t  harmonics of a t r a v e l i n g  magnetic f i e l d  does n o t  always 
l e a d  t o  a c o r r e c t  r e s u l t .  A r igorous  d i s t i n c t i o n  must b e  drawn between t h e  
region of t h e  parameters (s ,  s ,  q ,  e t c . ) ,  where i t  i s  p o s s i b l e  t o  d is regard  
t h e  inf luence  of t h e  h.s.h. and where i t  i s  impossible  t o  do so.  

3 .  Inf luence 0-f an  Inductor  Surface Having Pro jec t ions  on t h e  
Electromagnetic F i e l d  D i s t r i b u t i o n  i n  a Conductive Band 

The grooves and p r o j e c t i o n s  on t h e  s teel  s u r f a c e  of t h e  s t a t o r  deform 
t h e  electromagnet ic  f i e l d  i n  t h e  molten metal of a MHD machine. This d i s t o r t e d  
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I 

f i e l d  may be expanded i n  series and w e  thus  o b t a i n  t h e  so-cal led harmonics 
"corresponding t o  t h e  pro jec t ions"  (Ref. 1 5 ) .  However, t h i s  expansion i s  
rendered more d i f f i c u l t  by t h e  f a c t  t h a t  t h e  " d i s t o r t e d  f i e l d "  i s  unknown, 
which must be expanded i n  series. 
t h i s  f i e l d  Day b e  found under t h e  following assumptions (Ref. 14 ) :  

I n  t h e  a i r  gap of asynchronous machines, 

(1) The r o t o r  and t h e  s t a t o r  have t h e  conduct ivi ty  u = 0 and magnetic 
permeabi l i ty  1.1 = m ( s e e  Figure 3 )  ; 

(2) The grooves on t h e  s u r f a c e  of t h e  s t a t o r  are i n f i n i t e  o r  f i n i t e  i n  
depth; 

(3) 

( 4 )  A constant  d i f f e r e n c e  of t h e  magnetic p o t e n t i a l s  i s  given between 

The r o t o r  may be smooth o r  may have grooves; 

t h e  r o t o r  and t h e  s t a t o r ;  

( 5 )  The dimensions of t h e  system (Figure 3 )  along t h e  y- and z-axes 
are i n f i n i t e .  

The d e f i n i t i v e  r e s u l t s  der ived from t h e  s tudy by Coe and Taylor (Ref. 14)  
are not  s u i t a b l e  f o r  numerical  c a l c u l a t i o n s .  I n  p r a c t i c e ,  t h e  method of Vol'dek 
(Ref. 1 5 )  is  employed more f requent ly  t o  determine t h e  amplitudes of t h e  har- 
monics corresponding t o  t h e  p r o j e c t i o n s .  I n  t h i s  method, t h e  grooves on t h e  
r o t o r  s u r f a c e  inf luence  t h e  magnetic permeabi l i ty  of t h e  a i r  gap. The expansion 
i n  series of t h e  approximate p e r i o d i c  curve of t h e  magnetic conduct iv i ty  leads  
t o  t h e  harmonics corresponding t o  t h e  p r o j e c t i o n s .  I f  allowance i s  only made 
f o r  t h e  f i r s t  term of t h e  expansion, t h i s  produces a decrease i n  t h e  average 
induct ion  i n  t h e  gap due t o  t h e  non-uniformity of t h e  a i r  gap by a f a c t o r  of 
k6 -- where k 6 
t i ce  t h e  non-uniformity of t h e  a i r  gap i s  taken i n t o  account by means of t h i s  
c o e f f i c i e n t  -- i . e . ,  i t  is assumed t h a t  i t  is equiva len t  t o  a c e r t a i n  i n c r e a s e  
i n  t h e  uniform gap. 

i s  t h e  Carter c o e f f i c i e n t  (Ref. 1). For t h e  most p a r t ,  i n  prac- 

There is a conductive medium i n  t h e  a i r  gap i n  MHD machines. The e l e c t r o -  
magnetic f i e l d  i n  t h i s  medium d i f f e r e s  g r e a t l y  from t h e  electromagnet ic  f i e l d  
i n  t h e  a i r  gap of an asynchronous machine. The depth of t h e  grooves on t h e  
steel  s u r f a c e  of t h e  s t a t o r  has a f i n i t e  value.  It i s  n o t  s u f f i c i e n t  t o  t a k e  
i n t o  account t h e  non-uniformity of t h e  a i r  gap i n  t h e  MHD machine by means of 
t h e  Carter c o e f f i c i e n t .  

I n  t h i s  connection, t h e  s tudy (Ref. 18) discussed an approximate - I 5 3  
model of t h e  MHD machine (Figure 7) i n  order  t o  a l low f o r  t h e  i n f l u e n c e  
of the non-uniformity of the a i r  gap upon electromagnet ic  processes  i n  t h e  MHD 
machine. This model has  i n f i n i t e  dimensions along t h e  y- and z-axes. Regions 
111 and V have t h e  conduct iv i ty  u = 0, and t h e  magnetic permeabi l i ty  p = 

Region IV i s  t h e  conductor with t h e - c o n d u c t i v i t y  o and magnetic permeabi l i ty  

po. 
s i t y  amplitude jo and wi th  angular  frequency w; regions I1 and 11' are t h e  

pO* 

Region I i s  a groove occupied by an a l t e r n a t i n g  cur ren t  wi th  cons tan t  den- 
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T T and z = - d i v i d e  h a l f  of t h e  per iod empty grooves. The ver t ical  l i n e s  z = - - 
( t h e  system has a per iod along t h e  z-axis equal l ing  2 ~ ) .  
ensions of t h e  regions are shown i n  t h e  f i g u r e .  

2 
The geometric dim- 

Figure 7 

Model of the MHD Transformer wi th  a One-sided Inductor ,  wi th  
Allowance f o r  Non-uniform Gap 

The empty grooves are l e f t  f o r  loops of t h e  winding f o r  t h e  second and 
t h i r d  phases. This system corresponds t o  a one-sided inductor  having a tri- 
phase cur ren t  wi th  t h e  number of grooves p e r  pole  and phase equal l ing  uni ty .  
The s o l u t i o n s  obtained make i t  p o s s i b l e  t o  w r i t e  t h e  expression of t h e  vec tor  
p o t e n t i a l  f o r  a two-sided symmetrical inductor  (Ref. 18) and i n  o ther  special  
cases. 

According t o  (Ref. 1 8 ) ,  t h e  vec tor  p o t e n t i a l  A(O,A,O)* i n  d i f f e r e n t  
regions ( s e e  Figure 7)  has  t h e  following form. 

W W  
ch L , ( x + f , J  

(10) 
- COS Ami?- ch hmln A, = c c (2Kk(Pkamk + ~ I 0 j 0 ~ n 2 ~ m 0 )  

m=O k=O 
1 - p o i 0  ( X  + In  1 ’, 

/54 

i w t  * The dependence on time e is  excluded i n  a l l  formulas f o r  t h e  vec tor  
p o t e n t i a l .  
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COS ami? -& ch am (U + 6 - 6) sh am (x- U) sh y,b ~ 

a m  ] } c h a m 6 ’  

.b-X) - 
COS QmZ 
c h a m &  ’ 

0) ch a,(X-b) 
Knl ,.ham& COS amZ, 

m=O 

where 

h 
22 

ek= - (2k + 1).  

The coefficients K m are determined from an infinite system of equa- 

t ions 
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m 

where 

Thus, the determination of the vector potential may be reduced to sol- 
ving an infinite system of equations ( 2 3 ) .  Let us investigate certain spec- 
ial cases (Ref. 18). 

1. There is no conductive band IV in the clearance. In order to de- 
termine the vector potential in this case, we may set 0 = 0. 
we have 

As a result, 

(27) 
11. In the case of the two-sided symmetrical inductor, the ex- /56 

pression for the vector potential may be written as follows: 
- 0 0  r 

COS ant% 
c h a m &  ' 

-& sh a,,, (x-a)sh ym6 
'm 

The coefficients Km are again determined frow- system ( 2 3 ) ,  where 
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Formulas (28) -- (31) w e r e  obtained under t h e  assumption t h a t  a + b = 
= 6 -- i . e . ,  i n  t h e  case of a two-sided symmetrical inductor ,  t h e  h o r i z o n t a l  
plane of symmetry passing through t h e  middle of t h e  conductive band corres-  
ponds t o  t h e  boundary of t h e  medium with p = m and cr = 0 i n  t h e  case of x = 6 .  
The induct ion v e c t o r  of t h e  magnetic f i e l d  B = r o t  A is  perpendicular  t o  t h i s  
plane of symmetry. 

I f  t h e r e  i s  no medium wi th  p = m and (5 = 0 above t h e  conductive band, 
w e  have t h e  following expression f o r  t h e  v e c t o r  p o t e n t i a l  (Ref. 18) :  

+ 

The c o e f f i c i e n t s  K a s  always, are determined from t h e  system /57 m' 
(23) ,  where 

Thus, i t  i s  p o s s i b l e  t o  f i n d  t h e  v e c t o r  p o t e n t i a l  i n  o ther  s p e c i a l  
cases .  

t o  zero -- s o  t h a t  t h e  t o t a l  cur ren t  i n  t h e  groove does n o t  change -- i . e . ,  

It must be pointed out  t h a t  when t h e  depth of t h e  grooves Rn s t r i v e s  

I 
" - h  i o 1  - 9 = const, 

t h e  expression f o r  t h e  v e c t o r  p o t e n t i a l  changes i n t o  a similar one f o r  an 
inductor  without grooves and p r o j e c t i o n s  (Ref. 6-10). 

Summing up t h e  v e c t o r  p o t e n t i a l  of t h r e e  phases ,  w e  may o b t a i n  t h e  
t r a v e l i n g  magnetic f i e l d ,  with allowance f o r  t h e  non-uniformity of t h e  a i r  
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I n  t h e  f i n a l  a n a l y s i s ,  determination of t h e  inf luence  of grooves and 
p r o j e c t i o n s  may be reduced t o  an i n v e s t i g a t i o n  of an i n f i n i t e  system of equa- 
t i o n s  ( 2 3 ) .  This system r e q u i r e s  a d d i t i o n a l  a n a l y s i s ,  i n  order  t o  e s t a b l i s h  
t h e  rap id  decrease i n  t h e  c o e f f i c i e n t s  K when m i n c r e a s e s ,  and t h e  a n a l y s i s  

r e q u i r e s  a d d i t i o n a l  computational work. It may be performed most r e a d i l y  on 
computers. 

m 

APPENDIX 

4 .  Resul t s  of Analy t ica l  Computations 

The r e s u l t s  der ived i n  (Ref. 11) are employed t o  determine t h e  d i s t r i b -  
u t i o n  of t h e  f o r c e  d e n s i t y  and t h e  J o u l e  h e a t  l o s s e s  i n  t h e  channel and i n  
t h e  w a l l s  of t h e  model of t h e  induct ion MHD machine ( see  Figure 4 ) .  A s o l -  
u t i o n  of t h e  equat ion f o r  t h e  vec tor  p o t e n t i a l  A(O,A,O) w a s  obtained i n  t h i s  
s tudy : 

where 

-~ 
yVC=)/av2+iucpbw; v = 6 k + l ;  k=O, + I ,  k2, . . . 

/58 

- - - -  

* The z'  a x i s  i s  connected with t h e  moving medium I. 
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I 

~ v = y ~ e - ( y v b + Y ~ 8 1 ) [ ~ , ,  sh ay ( f l -b-&,)  - 
2Y; 

- Tcy ch UV (I,- b - 81) I + r',-ryey~il-"~b [a, sh a, ( f I  - b - 6,) + 
2Y', 

159 +yC,ch a, ( f ~  - ' b - 8 1 ) ] ;  - 
N.,=Te Y t - Y V  Y v b--~,81 [ u , s h u , ( f 1 - 6 - 6 ~ ) - ~ ~ c h a ~ ~ ( f 1 - b - 8 1 ) 1 +  

27, 

* yc,+yv.t?v:81+Yv [a, sh a, ( 1 1  - b - bl) + 6 ch a, ( I  - b -&)I; +aye,. 
L, =- "-'* evt8'Yvb [a, sh I%, ( b  + 82 - f2) - y; ch a, ( b  + 82 - f2)]  + 

2r', 

+- '+" e-tYvbfY~8t) [a, sh a; ( b  + 62- 1 2 )  +y; ch a./ (6 + 8 2 - f 2 ) ] .  
2% 

The winding c o e f f i c i e n t  K 

ing form (Ref. l o )  : 
of t h e  harmonics of t h e  order  v has t h e  follow- 

w i v  

Kw iT Kqv KAv Khv 9 

where t h e  c o e f f i c i e n t  of t h e  winding d i s t r i b u t i o n  i s  

xvt, sin -q 2t 

q sin+ 
Lt 

K w =  sFVt t 

t h e  c o n t r a c t i o n  c o e f f i c i e n t  of t h e  winding s t e p  i s  

x l v  
Khv =sin - 2% ' 



and t h e  c o e f f i c i e n t  depending on t h e  width of t h e  inductor  p l a t e s  (winding 
c o e f f i c i e n t  "of t h e  groove opening" [Ref. 151) i s  

2t nvh Kt,v=Xyhsin- i2t * 

The complex expressions of t h e  magnetic f i e l d  induct ion  B and t h e  curr-  
e n t  dens i ty  j may be r e a d i l y  obtained according t o  t h e  following formulas 

B-rrotA, j=-u- dA 
dt - 

According t o  (Ref. l l ) ,  f o r  region I w e  have: 

The expressions f o r  t h e  induct ion B and t h e  cur ren t  j i n  regions I V  and /60 
V are s i m i l a r  t o  t h e  corresponding expressions i n  region I. 

(region IV) o r  e ( reg ion  V) i n s t e a d  of z '  - z,  o - o Y, - YS * A l l  sv 

However, in-(2) 
s t e a d  of t h e  c o e f f i c i e n t s  a v ( I )  and a V (2)  w e  must s u b s t i t u t e  g V ('1 and g V 

V 

must be set equal t o  u n i t y .  

Employing t h e  expressions obtained f o r  t h e  magnetic f i e l d  induct ion 
and cur ren t  d e n s i t y ,  w e  may f i n d  t h e  f o r c e  dens i ty  f which i s  averaged over 
t i m e  and t h e  coordinates  (Ref. 9 ) :  

f*r  = c f Z 1 V  

Y 

where 

f,I i s  averaged over t i m e  and t h e  z-coordinate. A 
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* is the sign of the complex conjugate. In regions IV and V, the expressions 
for the force densit are similar. As indicated 'n the appendix, we need 
only substitute av (2f ,  etc. and a f2) by gV(l) and g 

V V 

Let us investigate several special cases (Ref. 2 ,  3 ,  7,  8, 10). The 
formulas for the force density and the Joule heat losses remain the same in 
every case, only the coefficients a and av(2) change. 

V 

in the coefficients V 
Thus, we must substitute 61 = 62 = 0 ,  yvc = a 

a (l-1 and a ( 2 ) ,  in the case of a two-sided non-symmetrical inductor without 
conductive channel walls of the MHD machine. /61 
following expressions M 

V V 
After this, we obtain the 

Gv, Nv, L for the coefficients av(l) and av(2): 
V' V 

M, = evvb [av sh a, (6  - f2) -yv ch a, ( b  - fz)j, 

G,, = e-'vb[a, sh I ,  ( II - b )  --yv ch a, ( f I  - b ) ] ,  

N, = e"v6 [a, sh ay ( I ,  - b )  + yv ch E., ( I I  - b ) ] ,  

L y = e ~ Y ~ b [ a y s h a v ( 6 - 1 2 )  +yv cha, (b-12)] .  

In the case of a one-sided inductor without conductive channel walls of the 
MHD machine (Ref. S), we must set I = 0 ,  R = m y  6 = 6 = 0 ,  $ = 0 in 

order to determine the coefficients a (1) and av(2). 
01 1 1 2  

In this case, we have 
V 

where M 
cal inductor. 

Gv, Nv, L are the same as in the case of a two-sided non-symmetri- 
V Y  V 

For a two-sided symmetrical inductor without conductive channel walls 
of the MHD machine (Ref. 9 ,  l o ) ,  we must set 

lol=lo2=10, cp=O, f l s f 2 = f ,  d l = d 2 = d ,  hI=a2=o.  

After this, we obtain 

55 



The method indicated above may be employed in other special cases to 
obtain the coefficients a which determine the distribution of the electro- 

magnetic field, the force density, and Joule heat losses in the channel of an 
induction MHD machine. 

V 
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TRANSVERSE EDGE EFFECT IN PLANE INDUCTION MAGNETOHYDRODYNAMIC 
MACHINES 

A.  Ya. Vilnitis 

1. Formulation of the Problem 

In the general case, a plane induction magnetohydrodynamic machine 
(pump, generator) consists of two plane stators (inductors) with m-phase 
winding, a plane channel with molten metal, and a thermal-insulation channel. 
Figure 1 presents a sketch of a plane induction pump (1 - molten metal in the 
pump channel; 2 - plane pump channel; 3 - diffuser; 4 - thermal-insulation 
channel; 5 - pump inductor; 6 - framework of the magnetic circuit; 7 - proj- 
ection of the magnetic circuit; 8 - groove of the magnetic circuit; 9 -  groov- 
ed insulation; 10 - inductor winding; 11 - front portion of winding). 

Figure 1 

The currents in the windings of the inductors flow in the transverse 
direction, forming a traveling wave. The induced electromotive force pro- 
ceeds in the same direction,which a l ~ ~  forms a sinusoidal wave, which travels 
along the inductor, The sign of the electromotive force changes to the op- 
posite sign (half of the wave length) along the pole division T ,  The lines 
of the induced currents must be closed and -- in view of the limited width 
of the pump channel -- must be forced within the limits of the pole division, 
and closed in the longitudinal direction, in which there is no supporting 
electromotive force. This fact leads to attenuation of the induced curr- /64 
ents. If the fact is taken into account that only the transverse current 
component (in interaction with the magnetic induction component which is nor- 
mal to the channel plane) produces the effective force (in the longitudinal 
direction), then the so-called transverse edge effect becomes clear: the 
smaller the ratio between the channel width and the pole division, the smaller 
the section of the closed current line over which the supporting current of 
the electromotive force has an influence, and consequently the weaker is this 
current and the smaller the effective force for one and the same magnetic 
induction, 

It must be immediately pointed out that this i s  an extremely simplified 
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p i c t u r e .  The f i e l d  of t h e  induced c u r r e n t s  i s  f requent ly  comparable with t h e  
primary f i e l d  of t h e  inductors ,  which causes t h e  corresponding r e - d i s t r i b u t i o n  
of these  c u r r e n t s .  The channel thickness  of t h e  MHD machine a l s o  inf luences  
t h e  cur ren t  d i s t r i b u t i o n  over i t s  width.  A s  a r e s u l t ,  i t  i s  f a r  from simple 
t o  make a q u a n t i t a t i v e  determinat ion of t h e  t r a n s v e r s e  edge e f f e c t ,  and i t  
r e q u i r e s  very d e t a i l e d  research.  

The theory of induct ion  MHD machines f i n d s  i t s  source i n  t h e  theory of 
e l e c t r i c  machines, and i s  today based t o  a s i g n i f i c a n t  ex ten t  on a system of 
concepts developed by t h e  l a t te r  theory.  Therefore ,  w e  may draw a c e r t a i n  
analogy between problems of e lec t r ic  machine theory and problems in- 
volved i n  t h e  theory of induct ion  MHD machines. I f  t h e  theory of e lec t r ic  
machines i s  regarded as one of t h e  branches of M a x w e l l  electrodynamics,  t h i s  
theory may be c a l l e d  t h e  electrodynamics of l i n e a r  c i r c u i t s  with c u r r e n t s  -- 
c u r r e n t s  which are c l o s e l y  connected wi th  a system of conductors of previous ly  
s p e c i f i e d  d i r e c t i o n s ,  which are l i n e a r  f o r  t h e  most p a r t  -- i .e . ,  they have 
a zero c ross -sec t ion  area. The e n t i r e  group of s p e c i f i c  concepts and re- 
search methods provides  a good o r i e n t a t i o n  € o r  t h e  processes occurr ing i n  t h e  
e l e c t r i c  machines which are used most ex tens ive ly  a t  t h e  present  time -- 
t ransformers ,  e lec t r ic  engines ,  and genera tors .  The theory of e lec t r ic  mach- 
i n e s  -- engineering sc ience  -- and t h e  requirement f o r  computational s impl ic i -  
t y  which i t  e n t a i l s  p lays  a primary r o l e ,  f requent ly  moving a mathematically 
precise d e s c r i p t i o n  of t h e  process  t o  second p lace .  

I f  a heavy conductor o r  an engine containing a heavy r o t o r  i s  placed 
i n  t h e  groove o f  an e lec t r ic  machine, t h e  electrodynamics of t h e  l i n e a r  c i r -  
c u i t s  may become weak, and 
Since w e  may assume t h a t  t h e  d i r e c t i o n  of t h e  c u r r e n t s  i n  t h e  system i s  known, 
no p a r t i c u l a r  d i f f i c u l t i e s  arise. This  i s  t h e  l a r g e  r o t o r  of i n f i n i t e  length ,  
t h e  c y l i n d r i c a l  inductor  of t h e  t r a v e l i n g  f i e l d ,  o r  t h e  plane inductor  of 
i n f i n i t e  width.  Maxwell equat ions may b e  solved by tabula ted  func t ions ,  and 
we o b t a i n  a comparatively favorable  p i c t u r e  o f  t h e  one-djmensional skin-ef- 
f e c t  with respec t  t o  t h e  r a d i u s  of t h e  r o t o r  o r  t h e  thickness  of t h e  p l a n e m  
channel i n  pure form. Nevertheless ,  c a r e  must be taken i n  t h i s  comparatively 
simple case ,  when t r y i n g  t o  express  t h e  r e s u l t s  obtained i n  t h e  language of 
t h e  theory of e lec t r ic  c i r c u i t s , w h i c h  t h e  theory of e l e c t r i c  machines com- 
p l e t e l y  u t i l i z e s  [ s e e ,  f o r  example, (Ref. 1, page 4 4 7 ) ] .  I n  t h e  genera l  case  
of conductors having f i n i t e  diemensions, i t  is d i f f i c u l t  t o  introduce t h e  
concept of r e s i s t a n c e  and inductance i n  an un-ambiguous and r a t i o n a l  manner. 

f i e l d  theory must come t o  i t s  a s s i s t a n c e .  

The following f a c t o r  considerably complicates t h e  problem of an engine 
with a l a r g e  r o t o r  having f i n i t e  length  o r  of a p lane- inductor  having f i n i t e  
width: i t  i s  necessary t o  f i n d  not  only t h e  d e n s i t y  of t h e  cur ren t  i n  t h e  
r o t o r  ( o r  i n  t h e  channel of t h e  plane pump, r e s p e c t i v e l y )  bu t  a l s o  t h e  curr-  
ent d i r e c t i o n ,  which changes from p o i n t  t o  p o i n t .  The r o t o r  i n  t h e  engine i s  
a s o l i d  body. I n  order  t o  draw t h e  corresponding analogy, it i s  necessary 
t o  cons t ruc t  a s o l i d  p l a t e  having i n f i n i t e  length,  but  f i n i t e  widthybetween 
t h e  plane inductors  of t h e  pump. 
of mathematical physics .  The theory of h e a t  conduct iv i ty ,  t h e  theory of 
e l a s t i c i t y ,  t h e  theory of wave guides ,  etc. ex tens ive ly  employ tri- 
gonometric series -- which 

Such a problem may be solved by t h e  methods 

i s  a s p e c i a l i z e d  method of mathematical physics  
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f o r  solving par t ia l  d i f f e r e n t i a l  equat ions i n  r ec t angu la r  regions ( f o r  example, 
i n  exac t ly  t h e  same way t h a t  Bessel  func t ions  are c h a r a c t e r i s t i c  f o r  cyl in-  
d r i c a l  regions)  i n  t h e s e  branches of mathematical  phys ics .  

This  i s  t h e  form of t h e  problem regarding t h e  t r ansve r se  edge e f f e c t ,  
i n  which w e  may today speak of i t s  exact  so lu t ion .  The va lue  of t h e  exact  
s o l u t i o n  thus  obtained should not  be over-estimated, s i n c e  by no means a l l  of 
t h e  problem of t h e  t r ansve r se  edge e f f e c t  i n  induct ion  MHD machines has  been 
solved.  A very dar ing  s i m p l i f i c a t i o n  of t he  problem i s  based on t h e  assump- 
t i o n  t h a t  a s o l i d  p l a t e  i s  placed between the  induc to r s ,  and molten m e t a l  
i s  t h e  working medium of t h e  MHD machine. When searching  f o r  t echn ica l  solu-  
t i o n s  of t h e  e n t i r e  magnetohydrodynamic problem, i t  i s  very tempting t o  employ 
t h e  comparatively s imple s o l u t i o n  f o r  t he  s o l i d  p l a t e .  The t r igonometr ic  
series thus  obtained are or thogonal .  Therefore ,  i f  w e  determine the  averaged 
dens i ty  of t h e  body f o r c e s  

f=-j[]B] 1 dV, 

v" 
f is obtained i n  t h e  form of a unary series, and n o t  a b inary  series, i f  the 
cu r ren t  dens i ty  j and t h e  magnetic induct ion  B are given by unary series. It 
i s  obtained i n  t h e  form of a b inary  series,  and not  a quadruple series,  i f  j 
and B are given by b inary  series. /66 
i n i t i a l  unperturbed f i e l d  B (which would occur i n  t h e  absence of a conductive 
p l a t e )  i n  (1) and no t  t h e  t o t a l  f i e l d  B ,  i f  t h i s  s i m p l i f i e s  t h e  computations 
[ see  (Ref.Z,p.186)].  However, m a x i m u m  care must be  observed. For a s o l i d  
body (1) has l imi t ed  app l i ca t ion .  For a l i q u i d  working m e d i u m ,  
t h e r e  i s  no guarantee t h a t  t he  pressure  developed by t h e  pump w i l l  not  d i f f e r  
s i g n i f i c a n t l y  from t h a t  computed on the  b a s i s  of (1) .  I n  p a r t i c u l a r ,  t h i s  
p e r t a i n s  t o  each type  of dev ia t ion  from t h e  mean parameters of t h e  machine. 

It is a l s o  p o s s i b l e  t o  s u b s t i t u t e  t he  

0 

I n  our opinion,  averaging i s  a very r i s k y  procedure -- i n t e g r a t i o n  
over volume. The dependence 

f = [jB] 

with  j and B computed f o r  a s o l i d  medium, i s  of va lue  f o r  a l i q u i d  i n  many 
cases , whereas the i n t e g r a l  c h a r a c t e r i s t i c s  does no t  t ake  seve ra l  important 
f a c t o r s  i n t o  account.  Therefore ,  i t  i s  v a l i d  t o  be  i n t e r e s t e d  i n  the  t o t a l  
d i s t r i b u t i o n  of j and B both i n  theory,  and i n  s t r u c t u r a l  p r a c t i c e .  

I n  every r epor t  which has  been published on t h e  t r ansve r se  edge e f f e c t ,  
i t  i s  assumed t h a t  t h e  molten m e t a l  moves l i k e  a s o l i d  body. For purposes 
of c l a r i t y ,  w e  s h a l l  cons ider  t h e  edge e f f e c t  i n  induct ion  pumps, although 
t h e  main r e s u l t s  may be extended t o  the  case of t h e  genera tor  regime, 

I n  more r ecen t  s t u d i e s  (Ref. 3 - 7 ) ,  t h e  e f f e c t  of a t t enua t ion  of i nn  
duct ion i n  t h e  c learance  and t h e  t r ansve r se  edge e f f e c t  were each s tudied  
sepa ra t e ly ,  Their  purpose w a s  t o  ob ta in  two co r rec t ion  c o e f f i c i e n t s  t o  be 
appl ied  t o  t h e  s i m p l e  t e c h n i c a l  formula f o r  computing p res su re ,  Upon a 
c l o s e r  ana lys i s ,  both e f f e c t s  flowed toge ther ,  since no sepa ra t ion  w a s  appar-  
en t  i n  t h e  phenomena. A t  t h e  same t i m e ,  t h e  l o n g i t u d i n a l  edge e f f e c t ,  
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produced by t h e  f i n i t e  length  of t h e  pump channel,  previously occupied a 
s e p a r a t e  p o s i t i o n ,  and was s tudied  independently of t h e  two preceeding 
phenomena. A t  t h e  present  t i m e ,  w e  must assume t h a t  t h i s  d i v i s i o n  i s  reason- 
able .  I f  a purely s i n u s o i d a l  (monochromatic) t r a v e l i n g  f i e l d  i s  produced by 
t h e  inductors ,  then t h e  f i n i t e  dimensions of t h e  pump channel,  with respec t  
t o  h e i g h t  and width,  o r  of t h e  inductor  (with r e s p e c t  t o  width) are not  
caused by d i s p e r s i o n  of t h e  f i e l d  wave. The amplitude and phase of induct ion  
change from poin t  t o  p o i n t ,  but  t h e  form of t h e  wave remains undis tor ted ,  
and h igher  harmonics are not  produced. A t  t h e  same time, t h e  p e r i o d i c  s t r u c -  
t u r e  of t h e  channel o r  of t h e  inductor  i n  t h e  d i r e c t i o n  i n  which t h e  t r a v e l i n g  
wave moves (with r e s p e c t  t o  length)  i n e v i t a b l y  produces t h e  appearance of 
h igher  harmonics and a non-uniform non-periodic s t r u c t u r e  ( inductor  having a 
beginning o r  an end, o r  both) produces t h e  continuous spectrum of t h e  t r a v e l -  
ing waves. Due t o  t h i s  f a c t ,  mathematical procedure designed f o r  studying 
t h e  non-uniformity over t h e  pump length  d i f f e r s  s i g n i f i c a n t l y  from t h e  /67 
procedure f o r  s tudying t h e  e f f e c t  produced by a t t e n u a t i o n  of t h e  f i e l d  i n  
t h e  c learance  and t h e  t r a n s v e r s e  edge e f f e c t .  It would appear t h a t  i t  i s  
advantageous f i r s t  t o  c l a r i f y  t h e  undiscovered p a t t e r n s  of both groups of 
phenomena s e p a r a t e l y .  Therefore,  from t h i s  po in t  on w e  s h a l l  assume t h a t  t h e  
inductors  and t h e  pump channel a r e  i n f i n i t e l y  long. 

Figure 2 

When examining d i f f e r e n t  s o l u t i o n s  of t h e  problem of t h e  t r a n s v e r s e  
edge e f f e c t ,  w e  shal ,  assume t h a t  w e  are deal ing with a system of two in-  
ductors ,  t h e  d i s t a n c e  between which equals  26 .  These inductors  c a r r y  on 
t h e i r  s u r f a c e s  (which face  each o ther )  an u n d i s t o r t e d ,  t r a v e l i n g  s i n u s o i d a l  
wave of t h e  s u r f a c e  cur ren t  ( l i n e a r  cur ren t  loading) .  We s h a l l  d i r e c t  t h e  
axes of t h e  c o o r i d i n a t e s  as is  shown i n  Figure 2.  W e  s h a l l  l e t  the x r a x i s  
coincide wi th  t h e  d i r e c t i o n  i n  which t h e  t r a v e l i n g  wave moves (along 
t h e  pump), and t h e  y-axis c o i n c i d e s ' w i t h  t h e  d i r e c t i o n  of the s u r f a c e  c u r r e n t  
and of t h e  real  primary c u r r e n t s  i n  t h e  inductor  windings (along t h e  pump 
width) .  The z-axis i s  perpendicular  t o  t h e  s u r f a c e s  of both inductors  (along 
t h e  channel width) .  W e  s h a l l  assume t h a t  t h e  magnetic permeabi l i ty  of t h e  
inductors  i s  i n f i n i t e  (p  = -). I n  t h e  c learance ,  ~ . l  = vo (both i n  t h e  channel 

with t h e  molten m e t a l ,  and o u t s i d e  of i t ) .  The width of t h e  inductors  i s  
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2c (or i n f i n i t y ) ,  and t h e  channel width i s  2a. W e  s h a l l  p l a c e  t h e  o r i g i n  
of t h e  coordinates i n  t h e  middle of t h e  clearance between t h e  inductors ,  and 
a l s o  i n  t h e  middle of t h e  inductor  channels, L e t  t h e  l i n e a r  c u r r e n t  loading 
of t h e  inductors  b e  

H e r e w  i s  t h e  angular  frequency, and a = , where T i s  t h e  pole  d iv is ion .  

All of t h e  q u a n t i t i e s  are descr ibed i n  a system of S I  u n i t s .  I f  w e  
s t i p u l a t e  t h e  condi t ion  t h a t  t h e  wave phase does n o t  change 

T 

- /68 

of- an=const, 

w e  obta in  t h e  wave propagation v e l o c i t y  

dx w 
a un=z=-* ( 4 )  

It is  understood t h a t  t h e  d i r e c t i o n s  A coinc ide  f o r  both inductors  f o r  one 

and t h e  same x .  The following boundary condi t ions hold on t h e  inductor  sur- 
f a c e s  ( i n  t h e  case of z = 5 6) (no m a t t e r  whether induct ion  c u r r e n t s  develop 
i n  t h e  system o r  n o t ,  and independently of t h e  degree t o  which t h e  i n t r a -  
inductor  (working) c learance  i s  f i l l e d  by t h e  current-conducting medium); 

Y 

We s h a l l  t r y  t o  f i n d  t h e  s o l u t i o n  i n  a complex form, assuming t h e  
presence of a phase f a c t o r  e i h t - c d r )  everywhere. The amplitude of t h i s  
phase f a c t o r  equals  u n i t y  ( i  i s  t h e  imaginary u n i t ) .  
p lex amplitudes H, B, j and E ,  which we s h a l l  des igna te  by a poin t  above t h e  
appropr ia te  l e t te r .  
Will equal  t h e  real  p a r t  of t h e  complex q u a n t i t y  

L e t  us examine t h e  com- 

Then t h e  instantaneous va lue  of t h e  phys ica l  quant i ty  

(6) B =Re 6 ei(ot-ax) 

Its m p l i t u d e  w i l l  equal  t h e  modulus of t h e  complex amplitude: 

and t h e  phase s h i f t  w i l l  equal  t h e  argument of t h e  complex amplitude: 

(8) 
g, ( B k )  = arg 6,. 

We s h a l l  employ t h e  phase of t h e  sur face  cur ren t  of t h e  inductors  as t h e  
eference,  zero phase -- i . e . ,  we s h a l l  assume t h a t  t h e  complex amplitude 

i n  (3) i s  i n  f a c t  a real  quant i ty .  As long as we perform. t h e  l i n e a r  oper- 

a t i o n s  with t h e  components of t h e  f i e l d s  and c u r r e n t s ,  t h e r e  i s  no necess i ty  
of d iv id ing  t h e  real p a r t s  from t h e  imaginary p a r t s  i n  t h e  complex amplitudes, 
It is  another matter i f  it i s  necessary t o  perform non-linear operat ions both 

i o  
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i n  formulas (1) and ( 2 ) .  W e  must then keep t h e  f a c t  i n  mind t h a t  i t  i s  /69 
only p o s s i b l e  t o  mul t ip ly  t h e  real  phys ica l  q u a n t i t i e s  -- i . e . ,  t h e  r e a l  
p a r t s  of type (6) complex q u a n t i t i e s . I f  w e  a r e  only i n t e r e s t e d  i n  t h e  magni- 
tude of t h e  product averaged over t i m e  (per iod) ,  i t  may be computed more 
simply i f  no d i s t i n c t i o n  i s  drawn between t h e  real  p a r t s  of t h e  complex quan- 
t i t i e s  : 

[see (Ref. 2 ,  page 2 4 3 ) ] ,  where t h e  a s t e r i s k  (*) des igna tes  t h e  complex con- 
juga te .  

2 .  I n f i n i t e l y  Wide Model 

Before examining works on t h e  t r a n s v e r s e  edge e f f e c t ,  l e t  us w r i t e  t h e  
w e l l  known s o l u t i o n s  f o r  i n f i n i t e l y  wide systems. 

1. The f i e l d  i n  t h e  c learance  between two i n f i n i t e l y  wide and i n f i n i t  
t l y  long i n d u c t o r s ,  f i l l e d  by a non-conducting medium, i s  

- Hd sh  az - H,o sh  az H,= --- 
s h a b  i c h a b  ’ 

According t o  (5) w e  have 

H z = - -  i HjrO ch az = Hzo ch az 
sh  ai3 chai3 ’ 

Hy = Ex = Ez = 0. 

2.  The f i e l d  i n  t h e  c learance  which i s  uniformly f i l l e d  with a medium 
having t h e  conduct iv i ty  o i s  

i y  = U E , ,  

H e r e  w e  have 

p2= a2+ ipoow; 
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I n  formulas (12) -- (14) ( t h e  same p e r t a i n s  t o  t h e  fol lowing formulas) 
w e  may d iv ide  t h e  real and imaginary p a r t ,  be fo re  commencing t h e  numerical 
computation which, however,leads tocumbersome express ions .  
w e  may perform t h e  e n t i r e  computation from beginning t o  end wi th  complex num- 
b e r s ,  as i s  sometimes done i n  the theory of c i r c u i t s .  It i s  our  opin ion  that 
t h e  second method i s  p re fe rab le .  

On t h e  o t h e r  hand, 

L e t  u s  s tudy  t h e  J i m i t i t g  case 6 <<T, o r  06 << IT .  Then t h  a6 + 0 ,  
and according t o  (ll), H >7H .But f i Z o  = and fi p lay  t h e  r o l e  of 

20 xo 'Jaw YO’ YO 
counter-electromotive f o r c e  p e r  u n i t  of inductor  width.  There i s  no reason t o  
assume t h a t  i t  strives t o  i n f i n i t y ,  j u s t  l i k e  t h e  appl ied  vo l t age .  
s u f f i c i e n t l y  narrow c learance ,  H + 0 and A + 0 ,  and fi = CC does n o t  

s t r i ve  t o  i n f i n i t y .  I n  add i t ion ,  w e  have 

For a 

X Y Po” y 

dEy -+o, --+o, dHz - a H f i  sh az 
dz ch a3 dz 
-- 

but  

and not  t o  zero.  Thus, t h e  long i tud ina l  f i e l d  component s t r ives  t o  zero f o r  
a s u f f i c i e n t l y  s m a l l  c learance .  This does no t  occur  f o r  i t s  d e r i v a t i v e  wi th  
r e spec t  t o  z ,  which s t r ives  t p  t h e  f i n i t e  l i m i t  (15).  
a t ive  (with r e spec t  t o  z )  of H s t r ives  t o  zero;  t he  normal f i e l d  component 

becomes independent of z .  

of a c learance  f i l l e d  by a conductive medium, w e  must se t  166 I < < n ,  which means 
a6 << ?T and v F < <  IT a t  t he  same t i m e .  The l a t t e r  is f u l f i l l e d  i n  a l l  in-  

duct ion pumps employed i n  p r a c t i c e  ( i f  u ob >>a2, such a pump i s  n o t  f e a s i b l e  

due t o  an exaggerated sk in -e f f ec t ) .  I f  w e  r e t a i n  t h e  l i n e a r  cu r ren t  loading 
of t h e  inductors  (more c o r r e c t l y ,  t he  r a t i o  of t h e  s u r f a c e  cu r ren t  t o  t h e  /71 
c learance  th ickness  l i m  9 , s i n c e  t h e  cu r ren t  i t s e l f  s tr ives t o  ze ro ) ,  w e  

then ob ta in  t h e  fol lowing when t h e r e  i s  no conductor i n  t h e  c learance  

I n  i t s  t u r n ,  t he  der iv-  

Z 
I n  order  t h a t  fi + 0 may be f u l f i l l e d  i n  t h e  case 

X 

0 

6-+0 6 

and we ob ta in  t h e  fol lowing when a conductor i s  present  
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i . e . ,  we obta in  one and t h e  same r e s u l t  i n  both cases .  

Formulas (10) - (14) make i t  p o s s i b l e  t o  determine t h e  averaged f o r c e  per  
u n i t  of s u r f a c e  of s o l i d  p l a t e  cross-sect ion between the  inductors ,  which w e  
s h a l l  des igna te  a s  t h e  pressure  of t h e  induct ion  pump: 

-a -8 

W e  would l i k e  t o  add a few words t o  (17).  W e  o b t a i n  p from (1) by mul t ip ly ing  
f 
edge e f f e c t s .  
2 4 2 4  
f = f = 0. W e  employ 5 '  i n  (17) t o  des igna te  t h e  unperturbed f i e l d  ( t h e  

f i e l d  i n  a hollow c learance) ,  according t o  t h e  condi t ion mentioned above which 
s i m p l i f i e s  t h e  computation. I f  t h e r e  i s  no dependence on y ,  w e  then have 
l a  
2a J 

-a 

by the  pump length  L and averaging over t i m e ,  d isregarding t h e  longi t idunal  
X 

For whatever reason,  t h e  product j 5 * always equals  zero.  Also 
Z Y  

Y Z  z 

dy = 1. The same holds t r u e  f o r  z .  

The pressure  i s  c a l c u l a t e d  very simply f o r  an i n f i n i t e l y  t h i n  c learance  
between i n f i n i t e l y  wide inductors  i f  t h e  medium f i l l i n g  t h e  clearance has  such 
a low conduct ivi ty  u t h a t  t h e  f i e l d  of t h e  induced c u r r e n t s  i s  much weaker 
than t h e  primary f i e l d  (11 ow<<a2) .  We may then employ formulas ( l o ) ,  i n  which 

6 + 0 ,  and j 
Y 

In t h i s  case ( 1 7 )  y i e l d s  

0 
= uEy (although i t  i s  s m a l l ,  u i s  e n t i r e l y  d i f f e r e n t  from zero) .  

ua I &O I L 
2 a  * 

Po = 

3 .  The Theor-y- Advanced @-y A.- I. Vol'dek 

L e t  us now t u r n  immediately t o  t h e  problem of t h e  t ransverse  edge e f f e c t .  
I n  chronological  terms, t h e  f i r s t  a n a l y t i c a l  study d e a l s  with t h e  t r a n s v e r s e  
edge e f f e c t  " in  pure form'' -- i . e . ,  when t h e r e  i s  no a t t e n u a t i o n  of t h e  f i e l d  
i n  t h e  c learance  -- which i s  achieved i n  t h e  l i m i t  by t h e  t h i n  c learance  be- 
tween t h e  inductors .  A. I. Vol'dek conducted t h i s  s tudy (Ref. 3 ) .  I n  view of 
t h e  importance of t h i s  s o l u t i o n ,  w e  s h a l l  p resent  i t  i n  i t s  e n t i r e t y  below, to-  
ge ther  with c e r t a i n  comments. A s i m i l a r  problem w a s  i n v e s t i g a t e d  i n  (Ref. 4 )  
f o r  r o t a t i o n a l  machines. 

A.  I. Vol'dek divided t h e  f i e l d  i n  t h e  c learance  between t h e  inductors  in- 
t o  a primary and secondary f i e l d .  The primary f i e l d  i s  t h e  f i e l d  i n  t h e  clear- 
ance f i l l e d  by a non-conductive medium. (We s h a l l  des igna te  i t  by H '  and E ' ) .  
I n  view of t h e  f a c t  t h a t  j '  = 0 ,  w e  must have r o t  H' = 0. The secondary f i e l d  
i s  t h e  f i e l d  of t h e  induced c u r r e n t s  (we s h a l l  des igna te  i t  by H" and E''). 
The t o t a l  f i e l d  equals  t h e  sum H = H' + HI', E ,  respec t ive ly .  The Maxwell equa- 
t i o n s  
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dB 
d t  rot E= --, 

rotH=j  
(20) 

must be f u l f i l l e d  f o r  t h e  t o t a l  f i e l d .  
following f o r  t h e  secondary f i e l d  

I n  v i e w  of r o t  H' = 0, w e  ob ta in  t h e  

dB" rot E"= - - at 
rot H" -- j =a( E'+ E"). 

The reason €or  t h i s  d i v i s i o n  l i e s  i n  t h e  f a c t  t h a t  E '  i s  assumed t o  be a known 
funct ion .  I n  coordinate  n o t a t i o n ,  (21) and (22) y i e l d  

. aHXr1 - iaNyf1 - - - 4 2 .  

dY 

W e  must: s impl i fy  t h e  system (21) - ( 2 2 ) ,  based on t h e  phys ica l  condi t ions 
i n  an extremely t h i n  p l a t e  between t h e  inductors .  It is  apparent t h a t  w e  must 
have j = 0 i n  t h i s  p l a t e  -- i . e . ,  t h e  cur ren t  l i n e s  l i e  on one plane.  We must 

a l s o  assume t h a t  E = 0, s i n c e  t h e  p l a t e  has t h e  same conduct ivi ty  CT along t h e  

z-axis.  For i n f i n i t e l y  wide inductors  E '  = ; I z  = 0. This e f f e c t  may be /73 
expected f o r  an extremely t h i n  c learance  between inductors  of f i n i t e  th ickness ,  
so  long as regions are examined which a r e  not  too c l o s e  t o  t h e  inductor  edges. 
We then have a E ' =  = 0 and E T f Z  = 0. 

t h e  f i n i t e ,  wide p l a t e .  Since r o t  A 1 A, then -- according t o  (22)  -- HI' 1 d, 
/my be s a t i s f i e d  i n  t h e  case of H" = eZH"Z,  al though t h i s  i s  n o t  t h e  only pos- 

s i b i l i t y .  However, p reference  should be given t o  t h i s ,  based on t h e  following 
cons idera t ions :  i f  we r e t a i n  t h e  s u r f a c e  cur ren t  A when introducing a con- 

s Y 
duc t ive  p l a t e ,  then f o r  H" w e  obta in  zero boundary condi t ions  [ s e e  ( 5 ) ] .  Thus, 

w e  a l s o  have x = 0 [ s e e  (16) ] .  Even when A changes, w e  may w r i t e  

z 
z 

X 

The occurrence of E" i s  caused by 
X 

a Y  

which 

11  X 

Y 
a2 

= 0 ,  s i n c e  volume c u r r e n t s  have no inflwence on t h e  boundary con- 

aA 
% I z  = 2 s  

d i t i o n s ,  and y = 0 always holds .  Therefore,  i t  i s  n a t u r a l  t o  assume t h a t  
aY 

= 0. W e  a l s o  have zero  boundary condi t ions f o r  s i n c e  & = 0. W e  must p 1  

x Y' 
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thus assume t h a t  J?' 

way. The l i n e s  of t h e  induced cur ren t  f i e l d  are closed between t h e  inductors  
along t h e  s h o r t e s t  pa th  -- i . e . ,  perpendicular  t o  t h e  plane of t h e  clearance.  
The zero boundary condi t ions  f o r  H" 

of t h e  l i n e s  t o  t h e  inductors  when they e n t e r  them. However, w e  than have 

= 0. W e  may express  t h i s  most c l e a r l y  i n  t h e  following 
Y 

and A'' 
X Y des igna te  t h e  perpendicular  n a t u r e  

and equat ions (21) (22 )  y i e l d  t h e  system which i s  used a s  t h e  i n i t i a l  system of 
A.  I. Vol'dek: 

i&lz = oEly  + oPY. 

Excluding :'Ix and fit' and employing a'fy = 0 ,  w e  o b t a i n  t h e  following from (23)  
Z 

ay 

where B is  def ined according t o  (13). ( 2 4 )  has  t h e  s o l u t i o n  

( 2 4 )  

/74 
i p , m  EttY=A, Chpy+A,shpy--- p E;,  

and then t h e  c u r r e n t  i s  
a2 - 
fJz ' 

j y = o ( € r p y + € r y ) = u  Alch By+Azshgy+-Ery) 

The n a t u r a l  boundary condi t ions a r e  j 
Y 

s t i p u l a t e s  E'' = 0 i n  t h e  case of y = 5 a which i s  one and t h e  same f o r  t h e  

system ( 2 3 ) ,  see (23)  -- t h i r d ] ,  from which i t  fol lows t h a t  A = 0 ,  s i n c e  j 

must be an even func t ion  of y and A = - 

= 0 i n  t h e  case of y = 5 a [ A . I .  Vol'dek 

z 

2 Y . Correspondingly, w e  have a2.E: 
1 -  p2chBa 

I 

W e  f e e l  i t  i s  necessary t o  add c e r t a i n  remtrks t o  t h e  s o l u t i o n  (25 ) .  A s  
has a l ready  been i n d i c a t e d ,  w e  may assume t h a t  E T x  = B '  = 8' 

z Y 
= 0 f o r  t h e  
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regions (which are c e n t r a l  with respec t  t o  the  width) of t h e  clearance between 
t h e  inductors .  I n  t h i s  case, s o l u t i o n  (25) must b e  explained by t h e  assumption 
t h a t  t h e  conductive p l a t e  i s  narrower than t h e  inductors .  Nevertheless,  .A .  I. 
Vol'dek extends t h e  s o l u t i o n  (25) both t o  t h e  case a = c ( p l a t e  having t h e  same 
width as t h e  inductors )  and t o  t h e  case a>c ( p l a t e  wider than t h e  inductors ) .  
This i s  based on t h e  f a c t  t h a t  H '  decreases  sharp ly  a t  t h e  outermost edge of 

t h e  inductor ,  and 2c b a r e l y  changes over t h e  e n t i r e  area, s o  t h a t  t h e  fi' 
i s  average with r e s p e c t  t o  t h e  inductor  width,  d i f f e r s  l i t t l e  from maximum R' . 
T h i s  l a t t e r  f a c t  i s  i n d i s p u t a b l e ,  but  w e  would l i k e  t o  note  t h a t  aH' ,  +'+ m 

z 
which z '  

z 

a Y  
c l o s e  t o  t h e  inductor  edges,  and consequently ai?! y + f. m and a2"x + ,i, m. 

e az aya z 

a Y  X r  

aE ' 
We have -+ 5 m y  from which w e  have iafi' - -f m. Unfortunately,  

"a 

no conclusions may be drawn regarding t h e  q u a n t i t y  a B '  , i f  w e  assume t h a t  Y 
a H t Z  a Y  

i s  given. No conclusions may be drawn with respec t  t o  t h e  q u a n t i t y  

I n  o r d e r  t o  do t h i s ,  w e  must examine t h e  s o l u t i o n  i n  the  e n t i r e  

/75 
a Y  

E' e i t h e r .  

region of t h e  f i e l d  propagation. 
X 

Af te r  these  b r i e f  comments, l e t  us t u r n  t o  t h e  s o l u t i o n  (25).  According 
t o  (9) , w e  have 

c1 
However, i t  may be seen from (25) t h a t  j 

i . e . ,  they are s h i f t e d  with respec t  t o  phase by 90". 

and fill d i f f e r  by t h e  f a c t o r  T -- Y z 1 

Consequently, j 8" * can- 
v z  

not  provide t h e  r e s u l t i n g  f o r c e .  According t o  (17) ,  t h e  pressure  i s  
a 

A .  I. Vol'dek recommends t h a t  t h e  pressure  obtained (26) be expressed by 
t h e  pressure  p 

and introduces t h e  a t t e n u a t i o n  c o e f f i c i e n t  k I  : 

(18) i n  t h e  clearance f i l l e d  by a medium with low conduct ivi ty ,  0 

oc 

P = kloc Po. (27) 

This method has c e r t a i n  advantages f s r  t e c h n i c a l  designs of pumps. 
ponding a t t e n u a t i o n  c o e f f i c i e n t  (a# a, o # 0, 6 -+ 0) i s  obtained as equal t o  

The corres-  
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It should be noted t h a t  kIoc i s  obtained f o r  constayt  l i n e a r  c u r r e n t  

loading of t h e  inductors  (more accura te ly ,  f o r  constant  lim 5, , s i n c e  t h e  cur- 
6+0 A " 

r e n t  loading A and t h e  clearance thickness  26 s t r i v e  t o  zero) .  
Y 

an opera t ion  i s  performed of 
width i n  t h e  extremely narrow clearance (which w a s  hollow before  t h i s )  between 
two i n f i n i t e l y  w i d e  inductors ,  maintaining t h e  c u r r e n t  i n  t h e  inductor  windings, 
and n o t  t h e  supply v o l t a g e ,  which must thus be reduced s i n c e  the t o t a l  winding 
r e s i s t a n c e  has  decreased. 

I n  o t h e r  words, 

i n s e r t i n g  a h ighly  conductive p l a t e  of f i n i t e  

I n  t h e  case of a + m -- i . e . ,  when t h e  e n t i r e ,  i n f i n i t e l y  wide clear- /76 
ante i s  f i l l e d  q u i t e  w e l l  by a conductive medium ( r e t a i n i n g  lim % ) -- w e  have 

6+0 - 
6 

From our poin t  of view, t h e  following expression i s  assumed f o r  k1 

obtained by expansion of t h  Ba i n  elementary f r a c t i o n s :  

, which i s  oc 

where 

(2n- 1)n 
2 a  Xn = 

Under t h e  condi t ion t h a t  p,ow << a2 ( a # m ,  u -+ 0 ,  6 + 0 ) ,  w e  ob ta in  t h e  f o l -  
lowing from (28)  V 

which may be r e a d i l y  determined according t o  a t a b l e  of func t ions .  The d i f -  
fe rence  k I may be w r i t t e n  i n  t h e  form of a r a p i d l y  converging series: "I-k 

oc oc 

I n  t h e  case when a conductive p l a t e  thickness  does not  occupy 
t h e  e n t i r e  c learance  26, but  only a r t  of i t , 2 8 ,  s o  t h a t  6 > A ,  A .  I. Vol'dek 
adheres t o  t h e  previous hypothesis  ! = 0. I n  t h i s  case ,  the  magnetic resist- 

ance t o  t h e  f l u x  produced by t h e  induced c u r r e n t s  i n c r e a s e s  by a f a c t o r  of 6 / A ,  
which is  equivalent  t o  a decrease i n  t h e  magnetic permeabi l i ty  (or  conduct ivi ty)  
o f  t h e  medium by as much as 
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It i s  a very simple process  t o  pass  from a p l a t e  a t  rest t o  a moving p l a t e :  
i t  i s  s u f f i c i e n t  t o  mul t ip ly  t h e  c y c l i c  frequency of t h e  f i e l d  w by t h e  s l i pp ing  
s (W + U S ,  where s = 1 - V 

f i e l d )  [ s ee  ( 4 ) ] .  

; v -- v e l o c i t y  of t h e  p l a t e ;  v -- v e l o c i t y  of t h e  f - 
f 

V 

A s  w a s  a l ready  poin ted  ou t ,  kocl may be  der ived f o r  a cons tan t  linear cur- 

I f  w e  have a p l a t e  wi th  high conduct iv i ty  o r  i f  r en t  loading of t he  inductors .  
w e  are opera t ing  a t  a h igh  frequency, then v0ow becomes l a r g e r ,  o r  even 

much l a r g e r  than,  a2. 

According t o  t h e  terminology employed, w e  thus have a s t rong  armature r eac t ion  
(which i s  expressed as a drop i n  t h e  t o t a l  winding r e s i s t a n c e ) .  I f  i t  i s  not  
balanced -- i . e . ,  i f  t h e  previous l i n e a r  cu r ren t  loading of t h e  inductors  i s  
maintained -- then t h e  effectiveness of t he  pump g r e a t l y  decreases .  However, i n  
p r a c t i c e  ( i f  only t h e  temperature regime of t h e  winding permits  i t )  i t  i s  f r e -  
quent ly  not  t h e  cu r ren t  which remains cons tan t ,  but  t h e  supply vol tage ,  and 
the  armature r e a c t i o n  i s  balanced. It i s  d i f f i c u l t  t o  make a p r e c i s e  ca lcu la-  
t i o n  of t he  e f f e c t  of a cons tan t  supply vo l t age ,  due t o  t h e  absence of a s i n g l e  
theory f o r  a non-magnetic c learance  and f o r  t h e  inductor  i t s e l f :  t h e  real  in- 
ductor  i s  replaced by a ferromagnet ic  body with a su r face  cu r ren t  loading f o r  
which t h e r e  i s  no a c t i v e  inne r  r e s i s t a n c e ,  nor  induct ive  inner  r e s i s t a n c e .  I f  
w e  r e t a i n  t h i s  i d e a l i z a t i o n ,  w e  may only speak of counter-electromotive f o r c e  
t o  t h e  supply vo l t age ,  caused by the  v a r i a b l e  magnetic f i e l d  i n  the  clearance.  
The constant  supply v o l t a g e  i s  then  equiva len t  t o  a cons tan t  m a  n e t i c  f l u x  QT 
f o r  t h e  po le  d i v i s i o n .  I n  i n f i n i t e l y  wide systems, a cons tan t  i s  equivalent  

t o  a constant  B I n  systems of f i n i t e  width,  t h e r e  i s  no poin t  i n  speaking 

of a constant  8 = 8'  + f i 1 l z 0 ,  s i n c e  5'' depends on y [ see  ( 2 5 ) ] .  According 

t o  t h i s ,  w e  may in t roduce  t h e  a t t enua t ion  c o e f f i c i e n t  f o r  a constant  supply 
vol tage  ( i n  t h e  sense of a constant  magnetic f l u x  8 ) ,  i . e . ,  with compensation 

f o r  t h e  armature r eac t ion .  A s  has a l ready  been pointed o u t ,  t h e  theory of A. I. 
Vol'dek encompasses t h e  t a c i t  assumption t h a t  t h e  inductors  are wider than the  
channel ( t o  a s u f f i c i e n t  e x t e n t ) .  L e t  us c l a r i f y  t h i s  assumption: c > a .  It 
is assumed t h a t  t h e  winding is  of a d i ame t r i ca l  s t e p .  W e  then  have 

177 
I n  these  cases, k I has very s m a l l  numerical  va lues .  oc 

20' 

20 Z O  20 

T 

e m  
and s t i p u l a t i n g  t h a t  U = Uo, w e  ob ta in  

B,o E,' = 
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and 

It may be r e a d i l y  seen t h a t  l i m  kocIV = 1 -- i . e . ,  i f  t h e  supply v o l t a g e  

i s  maintained, t h e  armature r e a c t i o n  i n  an i n f i n i t e l y  wide p l a t e  i s  completely 
balanced. 

a= c* 

4 .  Other Theories with P lane-Para l le l  Fi-eld i n  t h e  Clearance 
of t h e  Machine 

L. V. N i t s e t s k i y  (Ref. 5 )  has formulated a p r i n c i p l e  f o r  drawing up a model 
of c e r t a i n  vor tex  f i e l d s  i n  an e l e c t r o l y t i c  ba th  and on electroconduct ive paper ,  
I n  p a r t i c u l a r ,  t h i s  p r i n c i p l e  may be appl ied t o  formulate a model of t h e  t rans-  
v e r s e  edge e f f e c t  i n  an extremely t h i n  p l a t e .  
author  by comparison with t h e  r e s u l t s  der ived from performing t h e  c a l c u l a t i o n  
according t o  formula ( 3 2 ) .  The agreement was s a t i s f a c t o r y .  

It has  been v e r i f i e d  by t h e  

L. Y a .  Ulmanis (Ref. 6 )  employed an a n a l y t i c a l  method t o  obta in  t h e  f o l -  
lowing a t t e n u a t i o n  c o e f f i c i e n t  f o r  an extremely t h i n  f i n i t e  width of t h e  p l a t e  

([Ref.  61,  formula (1) ; t h e  previous n o t a t i o n  i s  employed), k i s  determined 

as t h e  r a t i o  of t h e  p r e s s u r e  i n  a p l a t e  of f i n i t e  th ickness  t o  t h e  pressure  i n  
an i n f i n i t e l y  wide p l a t e ,  with allowance f o r  t h e  armature r e a c t i o n :  

oc 

P = koc"P'0. 

where p '  

p l a t e ,  which i s  chosen as t h e  i n i t i a l  p ressure ,  i n s t e a d  of po (18).  

p l a t e  narrows from an i n f i n i t e  width t o  t h e  width Zap a constant  cur ren t  load- 
ing  of t h e  inductors  l i m  % i s  maintained. L ,  Ya. Ulmanis has checked (28) ,  

( 3 2 )  and ( 3 5 )  experimental ly ,  and has provided t h e  following experimental  form- 
u l a  . 

= kocllpo i s  t h e  pressure  i n  an i n f i n i t e l y  wide, highly conductive 0 
4s t h e  

(,lo 6) 

Nothing more s i m i l a r  may be obtained,  assuming (5 = 0 i n  t h e  expansion of 
(30) and taking t h e  f i r s t  term of t h e  series 

/79 

1 lim (&f), = --* -- 
a-+o 

E [I  + ( 3 2 1  - a 
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Figure  3 Figure 4 

I n  an a r t i c l e  by A.  I. Vol'dek and Kh. A .  Yanes (Ref. 7 ) ,  t h e  theory which 
w a s  d i scussed  f o r  an  extremely t h i n  p l a t e  between induc to r s  w a s  genera l ized  t o  
t h e  case of a p l a t e  w i th  l a te ra l  sho r t - c i r cu i t i ng  bus-bars (Figure 3 ) .  Zone I 
is  t h e  p l a t e  which s imula t e s  t h e  channel of a pump wi th  molten m e t a l  ( i t  i s  i m -  
mobile he re ! ) ,  and t h e  conduct iv i ty  of t h e  zone i s  0 .  Zone I1 i s  t h e  shor t -  
c i r c u i t i n g  bus-bars wi th  t h e  conduct iv i ty  a2 .  The condi t ion  6 > A i s  taken in-  
t o  account by t h e  i n t r o d u c t i o n  of equiva len t  conduct iv i ty  of t h e  zone 0 '  = 0 : , 
which i s  s imi la r  f o r  0 It i s  assumed t h a t  t h e  primary magnetic f i e l d  i s  f u l l y  

concentrated i n  t h e  c learance :  i n  t h e  case of l y l < c  8' = cons t ,  and i n  t h e  case 

of (YI >c B l Z  = 0 ( j u s t  l i k e  E '  ) . Two s p e c i a l  cases w e r e  examined i n  t h i s  study. 

(23) holds  f o r  zone I. 

r e n t s  i s  a l s o  d is regarded ,  i n  view of t h e  f a c t  t h a t  magnetic l i n e s  pass  along a 
non-magnetic medium. Therefore ,  w e  may formally s u b s t i t u t e  p = 0 i n  (23).  

The boundary condi t ions  are: i n  t h e  case of y = & t sffz  = 0 ,  and i n  t h e  case 

6 

2 '  

Z 

Y 
1. a = c ( shor t - c i r cu i t i ng  bus-bars o u t s i d e  of t h e  induc to r s ) .  Equation e' = 0 i n  zone 11, and t h e  f i e l d  of t h e  induced cur- 

Y 

0 

o f y = t a  j y / f  = '~111; '"xI1 = '"xII1. I n  a d d i t i o n ,  i t  i s  assumed /80 
t h a t  HZI I  i s  an even func t ion  of y. The fol lowing r e s u l t  i s  obtained:  

Subs t i t u t ing  o2 = 0 from (37) ,  w e  may ob ta in  t h e  formulas f o r  

i s  wider than t h e  induc to r s ,  bu t  without  sho r t - c i r cu i t i ng  bus-bars. 

a channel which 
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2. t = c (short-circuiting bus-bars between the inductors). In this case, 
we have equations (23) for both regions; the boundary conditions are the same as 
before. The result is 

I c sh pa [ ( o f i 2 z - o z f i 2 ) C h  f i z ( ~ - - ~ )  +ozfi21 
@fi2[ozfish P z ( ~ - ~ ) ~ h f i ~ + ( ~ ~ z ~ h f i 2 ( ~ - ~ ) c h p a ]  ' 

Cases are possible in which k Here BZ2 = a* + il.r IJ w. 

of IJ and o2 , and also a. 
v1I1>1 for small values 0 2  oc 

'I1' are introduced under the assumption that the linear oc and k koc 
current loading of the inductors is constant when conductive plates are intro- 
duced into the clearance of the system. 

5. Transverse. Edge Effect in a Cl-earance of Finite Thickness 

The following stage in an investigation of the transverse edge effect in 
induction pumps is related to the transition from an extremely thin plate be- 
tween the inductors to a plate of finite thickness. It is discussed in the 
publications of A .  Ya. Vilnitis (Ref. 8 ) ,  T. A .  Veske (Ref. 9 ) ,  and N. M. 
Okhremenko (Ref. 10, 11). In veiw of the fact that identical solutions are 
obtained in the studies (Ref, 8, 9 ) ,  in spite of certain variations in theib" 
lations Qf the problems, it is advantageous to analyze them concurrently, 

The following problem is postulated in the study (Ref. 8). There are /81 
two infinitely wide and long inductors with 1-1 = m y  which carry a linear current 
loading in the form of a sinusoidal traveling wave of the surface current A 

(Figure 4 ) .  
ness 26 (which equals the distance between the inductors) and the width 2a is 
placed in the intra-inductor space. In the remaining intra-inductor space 
IJ = 0. It is assumed that the body is immobile, but -- as was already pointed 
out -- it is sufficient to multiply the cyclical frequency of the field w by 
the slipping s for the transition to the mobile body. When the problem is 
solved, the boundary conditions j = 0 in the case of y = 2 a and j = 0 in 
the case of z = 5 6 become apparent, in addition to the boundary condition (5). 
It is also necessary that the exciting action of the body may be reduced to 
zero at an infinite distance from this body, which is placed between the in- 
ductors -- i.e., in the case of y + & m , the field between the inductors may 
be expressed according to (10). Finally, it is necessary that the magnetic 
field be constant in the case of y = 2 a. 

Y 
A conductive body having rectangular cross-section and the thick- 

Y Z 
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The s o l u t i o n  of t h e  problem which i s  given i n  (Ref. 8) follows very c l e a r l y  
from t h e s e  condi t ions.  
t h i s  problem, which w e r e  not  apparent from t h e  very beginning: 

Two q u a l i t a t i v e  consequences are c l e a r l y  apparent i n  

(1) There i s  no t r a n s v e r s e  component of the  magnetic f i e l d  B over t h e  
Y 

e n t i r e  c learance ,  both o u t s i d e  of t h e  conductive body, and i n s i d e  of i t ;  

(2)  The f i e l d  o u t s i d e  of t h e  conductive bo y i s  an unperturbed f i e l d  n o t  
only i n  t h e  case of y + + a ,  but  a l s o  f o r  any > / a .  I Y P  

By analogy w i t h  t h e  formulat ion of t h e  problem given by A.  I. Vol'dek f o r  
an extremely t h i n  p l a t e ,  t h e  author  (Ref. 9) f i r s t  assumed t h a t  t h e  p l a t e  w a s  
th inner  than the  c learance  between the  inductors .  However, when w r i t t e n  out  
t h e  s o l u t i o n  everywhere becomes 6 = A -- i . e . ,  t h e  s o l u t i o n  may be w r i t t e n  f o r  
a p l a t e  occupying t h e  e n t i r e  width of t h e  clearance.  Secondly, t h e  author  /82 
did  not  d e f i n e  t h e  problem of t h e  inductor  width more accura te ly ,  and only 
assumed t h a t  t h e  primary f i e l d  i s  described by expressions (10) .  This i s  
equivalent  t o  t h e  assumption of i n f i n i t e l y  wide inductors .  Thi rd ly ,  i t  was 
pos tu la ted  t h a t  t h e  secondary f i e l d  ( t h e  f i e l d  of t h e  induced c u r r e n t s )  does 
not  pass  beyond t h e  s i d e  boundarses of t h e  conductive p l a t e  . It is  not  c l e a r l y  
apparent t h a t  t h i s  i s  an i n i t i a l  condi t ion ,  but  t h i s  i s  a c t u a l l y  t h e  case.  

I f  t h e  s o l u t i o n s  given i n  (Ref. 8,  9) are reduced t o  one and the  same 
n o t a t i o n s ,  t h e  f a c t  t h a t  they a r e  completely i d e n t i c a l  becomes r e a d i l y  apparent 
-- i . e .  , expressions (Ref. 8) ( 4 2 )  are i d e n t i c a l  t o  (Ref. 9)  ( 4 )  , and expres- 
s i o n s  (Ref. 8) (41) a r e  i d e n t i c a l  t o  (Ref. 9) (5) (with allowance f o r  t h e  f a c t  
t h a t  t h e  to ta l .  f i e l d  i s  given i n  [Ref. 81, and t h a t  t h e  primary f i e l d  (Ref, 9) 
(3) must be added t o  (Ref. 9) ( 4 ) ,  (5) .  , This f a c t  apparent ly  i n d i c a t e s  t h a t  t h e  
problem may be solved without e r r o r s  under the  given premises,  and t h a t  with 
these  s o l u t i o n s  t h e  next  s t a g e  i n  terms of complexity i s ,  i n  a c e r t a i n  sense,  
exhausted a f t e r  t h e  s o l u t i o n  f o r  t h e  extremely t h i n  p l a t e ,  given by A. I. Vo1'- 
dek. W e  cannot s u b s t a n t i a t e  t h e  f a c t  t h a t  a l l  of t h e  q u a l i t a t i v e  p a t t e r n s  hid- 
den i n  t h e  above-mentioned s o l u t i o n s  have been c l a r i f i e d .  Their  c l a r i f i c a t i o n  
is of e s s e n t i a l  importance f o r  o r i e n t a t i o n  when proceeding t o  t h e  next s t a g e  of 
t h e  problem i n  terms of complexity. 

The expressions f o r  t h e  . f i e l d s  and t h e  c u r r e n t s  a r e  given i n  s i x  d i f f e r e n t  
zepresentat ions i n  (Ref. 8) and (Ref. 9 ) .  W e  s h a l l  g ive  t h e  expressions f o r  
B and j ( i . e . ,  f o r  t h e  components which are of i n t e r e s t  when computing t h e  

pressure  developed by t h e  pump) i n  a form which i s  the  most advantageous f o r  
z Y 

t h e  computations: 

(39) 

(40) 
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where 

Y 12 = a? + ),w2, 

and 6 i s  given by t h e  expresslon (13).  The series i n  (39) and ( 4 0 ) ,  which can- 
not  be summed UP in  tabula ted  func t ion  , converge q u i t e  r a p i d l y ,  p r i -  /83 
mari ly  due t o  t h e  f a c t o r  ChYmY , s i n c e  lyy'<a. I n  t h e  case of y = 2 a ,  t h e  

series are summed up a s  fol lows:  

( 4 2 )  L n l  

zhyma 

It may be r e a d i l y  seen t h a t  (39) and ( 4 0 )  are v a l i d  both over t h e  region,  and 
a t  t h e  boundaries of t h e  conductive body. 

It i s  i n t e r e s t i n g  t o  note  t h a t  t h e  f i r s t  terms i n  (39) and ( 4 0 )  coincide 
with t h e  formulas ( 2 )  f o r  an i n f i n i t e l y  wide channel,  and t h e  second terms may 
be w r i t t e n  a s  fol lows 

a # x  a+m 
of0  a+O 

Thus, (39) and ( 4 0 )  may be w r i t t e n  as t h e  superpos i t ion  of t h e  s p e c i a l  s o l u t i o n s  
(which a r e  previously known) and of t h e  special  s o l u t i o n  i n  t h e  form of a series,  
which cannot be reduced t o  tabula ted  func t ions  and i s  not  amenable t o  
s e p a r a t i o n  of v a r i a b l e s  : 

&= lim B', + lim S, - lim B', + F~ (y, z )  , 
8 2 0  840 0-0 
a-co nfoo a-w 
a#O of0  a#O 

iu= Iim i,, + lim jy - lim j l r  +Fj (y, 2) 
8#0 8-0 8-Q 

( 4 4 )  

( 4 4 )  i s  not  t h e  only p o s s i b i l i t y  f o r  separa t ing  t h e  simpler s p e c i a l  s o l u t i o n s  
from t h e  genera l  s o l u t i o n .  Other examples are presented i n  (Ref. 8 ,  9 ) .  I n  
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this connection, t h e r e  i s  a good p o s s i b i l i t y  of employing s impler  s p e c i a l  solu- 
t i o n s  of a d i f f e r e n t  type ,  i n s t e a d  of t h e  t o t a l  s o l u t i o n ,  i n  t h e  appropr ia te  
cases. However, f o r  t h i s  purpose t h e  magnitude of t h e  discarded por t ion  of t h e  
t o t a l  s o l u t i o n  must b e  determined. /84 
problem has not  y e t  been conducted. 
m y  6 = 0.015 m y  T = 0.45  m y  l i q u i d  potassium a t  50OoC) on a d i g i t a l  computer 
has shown t h a t  t h e  terms F and F i n  ( 4 4 )  can be discarded i n  t h i s  case up t o  

y = 2 0.12 m ( i n  terms of t h e  modulus, they a r e  no less than  t h r e e  orders  smaller  
than t h e  sum of t h e  f i r s t  t h r e e  terms) and only i n  t h e  immediate v i c i n i t y  of t h e  
edge (y = 5 0.13 m) do they become of t h e  same order  of magnitude as t h e  remain- 
ing t ems. 

A genera l  t h e o r e t i c a l  a n a l y s i s  of t h i s  
A c a l c u l a t i o n  of t h e  s p e c i a l  case ( a  = 0.13 

b j 

According t o  ( 1 7 )  and ( 2 7 ) ,  t h e  corresponding a t t e n u a t i o n  c o e f f i c i e n t  
equals 

It may be r e a d i l y  seen t h a t ,  i n  t h e  case of 6 + 0 ,  t h e  k I of A. I. Vol'dek ( 2 8 )  

i s  thus obtained.  When v e r i f y i n g  t h i s ,  w e  must take  t h e  f a c t  i n t o  account t h a t  
t h  8 6  -+ 66 

0 

th yma Re ia4 - a' a 2  lim =O Re-. a 4  d2 y3m f 2 m  and poao p 2  -Ip"I= p 
k IX i s  introduced i n t o  ( 4 5 )  i n  exac t ly  t h e  same way a s  A. I. Vol'dek i n t r o -  

duces h i s  k I ( 2 8 ) :  a conductive p l a t e  having a rec tangular  cross-sect ion i s  

introduced i n t o  t h e  empty c learance  between two inductors .  The l i n e a r  cur ren t  
loading of t h e  inductors  does not  change. Since t h e  c learance  between t h e  in-  
ductors  has f i n i t e  th ickness  2 6 ,  when a change i s  made from an extremely narrow 
clearance (p = p 

narrow) t o  t h e  clearance 2 6 ,  t h e  induct ion 8' remains constant  j u s t  as before  

( t h e  inductors  a r e  i n f i n i t e l y  w i d e ,  and B V Z 0  does not  change over t h e i r  width) .  

J u s t  as previous ly ,  w e  may in t roduce  t h e  a t t e n u a t i o n  c o e f f i c i e n t  i n - t h e  case of 
a constant  supply vol tage  ( i n  t h e  case of a constant  magnetic f l u x  CP ).  This 

y i e l d s  

oc 

oc 

k 0 oc  Ix; po is  computed f o r  a c learance  which i s  i n f i n i t e l y  

z o  

T 

where 

( 4 7 )  

ia a 110 U(0 P=i(c-a) cth ad+-cth pd -- a& 8 3  th pa - P 
- 

m 
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( 3 4 )  is thus  obtained with t h e  l i m i t i n g  t r a n s i t i o n  6 + 0. 

OP5 

0 
0.02 
0.10 
0.25 
0,50 
1 ,oo 

0 
0,02 
0,lO 
0,25 
0,50 
1 ,oo 

'I5 

_. 

0 
0,02 
0,lO 
0,25 
0,50 
I ,oo 

.- 

0,0305 
0305 
0288 
0232 
0153 

0,0820 
0818 
077 1 
0609 
0408 

0. I 

0,03 17 
0316 
0298 
0240 
0158 
0084 

0,03 17 
0316 
0298 
0240 
0158 
0084 

0,0316 
0315 
0297 
0239 
0157 
0084 

_.  

590 

.-. 

0.3 

0.02 0 

0 , l O  
. 0,25 

0.50 
1 ,oo 

TABLE 1 

10,o 

I -- I--' 

0 
0.02 

0,50 
1 .oo 
2;; 

0.2 I85 
2180 
205 1 
15G3 
0917 
0462 

0,2150 
2144 
2018 
1539 
0904 
0456 

0.1895 
1890 
1778 
1360 
0812 
0416 

0082 I 0221 
- _ _  

I 
0,0276 0,0305 
0276 ~~EKl~ 
026 1 
021 1 0245 
0140 0183 
0075 1 0101 

.- 

I 0.5 

0,4151 
4140 
3894 
2939 
1638 
0785 

0,3923 
3912 
3680 

1559 
0754 

0,2700 
2693 
2534 
1927 
1 132 
058 1 

0,0649 
0647 
0610 
0495 
0366 
0206 

0,0218 
0217 
0206 
0187 
0153 
0087 

2780 

- 

I Lo 

0,6787 
6769 
6366 
4781 
2577 
1171 

0,5928 
5912 
5560 
4181 
2282 
1068 . -  .- 

I 

0,295 I 
2943 
2769 
2106 
1253 
0667 

0,0515 
0513 
0484 
0404 
033 I 
0191 

0,0158 
0158 
0150 
0148 
0134 
0077 

4.0 

0,9 120 
9096 
85% 
6110 
3103 
1501 

0,7483 
7461 
7019 
5269 
2843 
131 1 

0,3045 
303i 

2174 
1311 
072 I 

2857 

0,0417 
0416 
0393 
0339 
0306 
0181 

0.01 1.4 
01 I4 
0109 
01 19 
01 18 
0069 

Turning t o  ( 4 5 ) ,  w e  should poin t  out  t h a t  koc IX may be  a l s o  represented i n  

t h e  following more symmetrical form: 

where 

2 (kocI)O is  obtained by s u b s t i t u t i n g  m = 9 i n  (kocl)m; ym, yA2 are de ter -  

mined by t h e  expressions ( 4 1 )  and ( 4 2 ) .  

( 4 8 )  

( 4 9 )  

/86 
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The va lues  of k IX f o r  s e v e r a l  parameters are shown i n  Table 1. The val- oc 
6 ues of k i n  t h e  case of D = _ =  0 correspond t o  t h e  a t t e n u a t i o n  c o e f f i c i e n t  of 

A.  I. Vol'dek kocI. 
T oc 

A s  w e  may r e a d i l y  see, 

a2 t h p a  k,I= Re (1 - F) 

provides a good approximation up t o  D = s = 0.02 ( t h e  e r r o r  does not exceed 

0.25%). 
The s i m p l i f i e d  dependence 

T 
However, even i n  t h e  case of D = 0.10 o.nly t h e  f i r s t  s i g n  i s  v a l i d .  

a i s  v a l i d  wi th in  very narrow l i m i t s  ( i n  t h e  case of A = - t o  0.1, D -- up t o  

0.02,  and E = -- up t o  1 .5) .  This  is c l e a r l y  inadequate f o r  p r a c t i c a l  applic- 

a t i o n s ,  s i n c e  E, and p a r t i c u l a r i l y  A ,  f a l l  o u t s i d e  of t h e s e  l i m i t s .  

T 

2 
el 

W e  may obta in  much b e t t e r  r e s u l t s  by a comparatively simple method -- 
mult iplying k I by th2a6: 

t h 2 a 6  a 2 6 2  oc 

k XI =-I-- R 
Of a262 

I n  t h i s  case, t h e  e r r o r  does not  exceed 1% up t o  D = 0.25 i n  t h e  case of E 1.5 
and A >/ 0.3,  and i n  t h e  case of D 4 0.10 t h i s  holds  f o r  any A up t o  E = 10.0. 

which w e r e  ca lcu la ted  on Figures 5 and 6 present  curves of  B z ,  and ?! j Y  X 
a computer according t o  formulas (39) and (40) .  Figure 5 p r e s e n t s  t h e  d i s t r i b u -  
t i o n  of t h e s e  q u a n t i t i e s  wi th  respect t o  y i n  t h e  middle of t h e  channel ( i n  t h e  
case of z = 0) f o r  t h e  s p e c i a l  case mentioned above (a = 0.13 m ,  6 = 0.015 m,  
T = 0.45 m. The e n t i r e  c learance  having a thicknezs of 0.03 m ,  i s  f i l l e d  with 
potassium a t  5OO0C). Curve 1 gives  t h e  amplitude B - 2 - phase; 3 and 4 - t h e  

same f o r  j * 5 - t h e  mean f o r c e  dens i ty  ( e f f e c t i v e  p r e s s u r e ) .  Figure 6 presents  

t h e  d i s t r i b u t i o n  of t h e s e  q u a n t i t i e s  i n  t h e  case when only p a r t  of t h e  clearance 
i s  f i l l e d  with l i q u i d  potassium ( a  = 0.14 m ,  2 6  = 0.024 m, 28 = 0.014 m). I n  
addi t ion ,  t r a n s v e r s e  p a r t i t i o n s  made of s t a i n l e s s  s tee l  lower t h e  e f f e c t i v e  con- 
d u c t i v i t y  of t h e  body (aeff = 0.95 . 106 l / o h  - m). 

performed on t h e  recommendation of A .  I. Vo1'dek:E + E - . 

2, 

Y ,  

A re -ca lcu la t ion  w a s  /87 
a 
6 

It may be seen i n  Figure 5 t h a t ,  i n  t h e  case of a highly conductive medium, 
t h e  pressure  L between t h e  inductors  ( E  = 8.64) changes g r e a t l y  over t h e  

channel width. 

zero along t h e  channel edges, s i n c e  t h i s  decrease occurs i n  a comparatively 
narrow zone (0.01 m ).  However, t h e  s t r o n g l y  expressed t r a n s v e r s e  s k i n  -- 

X 

It i s  comparatively s i m p l e  t o  combat t h e  decrease i n  ? down t o  
X 
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Figure 5 Figure 6 

e f f e c t  -- t h e  decrease i n  t h e  pressure  by almost a f a c t o r  of two i n  t h e  wide 
zone i n  t h e  c e n t e r  of t h e  channel -- r e q u i r e s  s p e c i a l  compensatory measures, 

The s t u d i e s  of N .  M. Okhremenko (Ref. 10 ,  11) p o s t u l a t e  a more complex 
problem, with t h e  purpose of providing a b e t t e r  approximation of a r e a l ,  p lane 
pump of f i n i t e  width: two inductors  with a s i n u s o i d a l  s u r f a c e  cur ren t  load-& 
i n g ,  which produces a t r a v e l i n g  wave; a non-conductive l a y e r  of thermal insu l -  
a t i o n  on t h e  sur faces  of both inductors ;  a more conductive,  immobile l a y e r  (wal l s  
of t h e  pump channel) above, below, and i n  t h e  m i d d l e  -- a conductive l a y e r  /89 
which moves l i k e  a s o l i d  body wi th  a v e l o c i t y  of v = (1 - s)vc i n  t h e  d i r e c t i o n  

of displacement of t h e  t r a v e l i n g  f i e l d  wave (Figure 7 ) .  The average l a y e r  re- 
sembles a molten m e t a l  i n  t h e  channel of t h e  pump. 

I f  w e  check c a r e f u l l y  t h e  boundary condi t ions  employed by t h e  au thor ,  
w e  s h a l l  see t h a t  they a l l  apply only on d i f f e r e n t  planes which are perpendicular 
t o  t h e  z-axis ( p a r a l l e l  t o  t h e  inductor  s u r f a c e s ) .  On t h e  f l a t  s i d e s  ( i n  t h e  
case of y = 2 a ) ,  no boundary condi t ions  hold. Thus, i t  would appear t h a t  the 
s o l u t i o n  obtained does not  depend on t h e  condi t ions  beyond t h e  f l a t  s i d e s  of 
t h e  channel and t h e  inductor .  This  i s  an i l l u s i o n .  Based on t h e  genera l  form 
of t h e  s o l u t i o n s  of N .  M. Okhremenko, w e  may r e a d i l y  e s t a b l i s h  these  condi t ions  
which hold on t h e  la teral  s u r f a c e s  of t h e  channel y = 2 a ,  and beyond t h i s ,  and 

I 
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Figure 7 

we may formulate t h e  model f o r  which t h e r e  i s  a s o l u t i o n  of t h i s  type.  

We would now l i k e  t o  d i r e c t  our a t t e n t i o n  t o  t h e  f a c t  t h a t  f3 v y I y=+a = 0 ,  

s i n c e  Bv = 7 "+' n ( t h e  n o t a t i o n  provided by N .  M. Okhremenko). 

i n  t h e  case of y = 2 a w e  have 

s e c t i o n s  5-7, [Ref. l o ] ) .  These a r e  t h e  same boundary condi t ions  which would 
hold i f  w e  used s u r f a c e s  of ferromagnetic media  without cur ren t  loading i n  t h e  
case of y = +- a. Thus, t h e  f i r s t  p o s s i b l e  model which t h e  s o l u t i o n  of N. M. 
Okhremenko descr ibes  i s  as fol lows.  There is a rec tangular  c a v i t y  i n  a fe r ro-  
magnetic inductor ,  i n  which a s ingle- layered system i s  loca ted .  There i s  cur- 
r e n t  loading i n  t h e  form of a t r a v e l i n g  wave on t h e  h o r i z o n t a l  s u r f a c e s  of t h e  
c a v i t y .  
f i e l d  component H must n a t u r a l l y  arise i n  t h i s  model. 

Consequently, 

= 0 ,  fiZ = 0 ,  j 
X Y 

= 0 i n  every region ( s e e  

There i s  no cur ren t  loading on t h e  v e r t i c a l  s u r f a c e s .  A t r a n s v e r s e  

Y 
However, t h i s  i s  n o t  t h e  only poss ib le  model. Such a s o l u t i o n  i s  a l s o  

obtained i f  the  inductors ,  and a l s o  t h e  channel,  a r e  i n f i n i t e l y  wide, but  t h e  
cur ren t  loading over t h e  width of t h e  inductor  i s  d i s t r i b u t e d  according t o  t h e  
following series 

The sum of t h i s  series equals  A i n  t h e  case of -a<y<a, 3a<y<5a, 7a<y<9a,etc . ,  

and -A i n  t h e  case of a<y<3a, 5a<y<7a, e tc .  The c u r r e n t  loading on t h e  in- 

ductor  s u r f a c e s  changes i t s  s i g n  over t h e  width of t h e  inductors  with t h e  per iod 
2a. An i n f i n i t e  succession of inductors  arranged s i d e  by s i d e  i s  obtained. 

Y 

Y 

The opinion advanced by N.M. Okhremenko, t o  t h e  e f f e c t  t h a t  t h e  sharp peaks 
(observed during t h e  experiment) of t h e  component 8 
s u b s t a n t i a t e  t h e  v a l i d i t y  of t h e  expressions f o r  E z  and B 
as w e l l  a s  t h e  s i m i l a r i t y  between t h e  model under cons idera t ion  and a r e a l m  
pump, i s  not  convincincing. 

along t h e  inductor  edges 
Y 

([Ref.  101, page 23) 
Y 

80 



In  t h e  s o l u t i o n  of N .  M. Okhremenko, a v e r t i c a l  c u r r e n t  component (E = i s  lacking.  Z 
= 0) / For t h i s  reason,  w e  may make t h e  following s ta tement:  t h e  f a c t  t h a t  t h e  
obvious boundary condi t ion  j = 0 i s  n o t  employed i n  t h e  case  of z = A/2 means 

simply t h a t  it;  i s  assumed t h a t  j = 0 over t h e  e n t i r e  c ross -sec t ion ,  a s  was t h e  

case from t h e  very  beginning. 

a series, which y i e l d s  zeros  i n  t h e  sum i n  t h e  case of z = A/2, but  which may 
y i e l d  a non-zero sum f o r  o t h e r  z .  
of t h e  series j equal  zero,  must w e  have j = 0. The presence of B (due t o  

ferromagnet ic  l a te ra l  s u r f a c e s )  makes i t  p o s s i b l e  t o  assume t h a t  jz = 0. 
t h i s  case, t h e r e  are no apparent c o n t r a d i c t i o n s .  

Z 

z 
Otherwise, w e  would have t o  set jz i n  t h e  form of 

Only i f  i t  may be shown t h a t  the .coef f ic ien ts  

Z Z Y 
I n  

F i n a l l y ,  a t t e n t i o n  must be c a l l e d  t o  t h e  f a c t  t h a t  t h e  boundary condi t ions 
( s e c t i o n  2 [Ref. l o ] )  

are i n v a l i d .  L e t  us t r y  t o  determine what t h e  boundary condi t ions  must be f o r  
t h e  e l e c t r i c  f i e l d  on a p lane  boundary of two conductive regions which s l i d e  
over each o t h e r  and which have complete e l e c t r i c a l  contac t  (when changing from 
one region t o  another ,  t h e  c u r r e n t  does not  encounter any r e s i s t a n c e ) .  Region 
I1 i s  immobile (Figure 8 ) ;  reg ion  111 s l i d e s  along i t  a t  a v e l o c i t y  of v = exv = 

= e v ( 1  - s) = e - ( 1  - s ) .  The boundary of t h e  reg ions  passes  through t h e  

p lane  z = b /2 .  
z = b / 2 .  
t h e  f i e l d  measured i n  an immobile coordinate  system (connected with region 11). 
E * I I I  i s  t h e  f i e l d  i n  a system which moves toge ther  wi th  region I11 ( e f f e c t i v e  
f i e l d ;  jIII = o I I I E * I I I ) .  
and t h e  d a t a  of N .  M. Okhremenko are i n t e r p r e t e d  ( s e c t i o n  1 [Ref. l o ] ) .  

w 
x n  x a  

L e t  t h e  e lec t r ic  f i e l d  i n  region I1 equal  E’’ i n  t h e  case 
The f i e l d  i n  region I11 w i l l  be  E * I I I  = E111 + [vB], where E111 i s  

This i s  t h e  manner i n  which t h e  M a x w e l l  equat ions 

X ;1;1 Figure 8 Figure 9 

Unfortunately,  B does n o t  undergo a d i s c o n t i n u i t y  on t h e  boundary. /91 
W e  thus  have 

€,*I11 =ExlIl, 

E,*lI~=EvllI- vxBL, 
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The f irst  Maxwell equat ion i s  

-rot E"; dB" 
dt 

-= 

L e t  us draw t h e  contour,  a s  i s  shown i n  Figure 9 ,  where h <<R, hR = C,  and 
l e t  us  mult iply t h e  l e f t  and r i g h t  p a r t s  of t h e  equat ions by a s u r f a c e  element 
ds .  L e t  u s  then i n t e g r a t e  over every C. W e  apparent ly  have 

hi/ $ ds = 0, 
h 4  

t 

Since B is  everywhere f i n i t e ;  

lim rot E ds =lim 
h+O s C 0 

h+O 
e 

rot[vB]ds depends on t h e  mutual o r i e n t a t i o n  of v and d s ,  I n  a d d i t i o n ,  l i m  
h-t0 

and equals  zero i n  t h e  case of v 1 ds .  However, w e  do not  even r e q u i r e  t h i s ,  
s i n c e  w e  have t h e  dependence of En111  on E 1 1 1  and B f o r  the  s p e c i a l  case.  W e  
may t h e i d r a w  t h e  conclusion t h a t ,  independently of t h e  o r i e n t a t i o n  of v, w e  
have t h e  following on t h e  sur face :  E 11 = E 111 o r y  i n  t h e  given case,  i n  t h e  

J 

t t 

Changing t o  c u r r e n t s ,  w e  ob ta in  

ins tead  of s e c t i o n  2 (Ref. 10 ) .  The lack  of agreement i n  t h e  f i r s t  of them& 
is  apparent.  With respec t  t o  t h e  second, w e  have 

And as a r e s u l t  
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which co inc ides  wi th  t h e  boundary condi t ions  of N .  M. Okhremenko when, and only 
when, 

This  occurs  only i n  i n f i n i t e l y  wide channels. 

We may draw t h e  fol lowing conclusions from t h e  above s ta tements .  

A t  t h e  p re sen t  t i m e ,  a s u f f i c i e n t l y  comprehensive s o l u t i o n  has  been pro- 
vided f o r  t he  problem of t h e  d i s t r i b u t i o n  of f i e l d s  and cu r ren t s  i n  a rectangu- 
l a r  p l a t e  between two i n f i n i t e l y  wide and long induc to r s  which occupies  t h e  
e n t i r e  width of t h e  c learance .  The corresponding a t t e n u a t i o n  co- 
e f f i c i e n t s  of t h e  pump e f f i c i e n c y  are obtained ( co r rec t ion  f a c t o r s  t o  t h e  ele- 
mentary t echn ica l  formula f o r  computing t h e  p re s su re  p = owLIBz021 ) ,  0 The 

2a 
formulas obtained make i t  p o s s i b l e  t o  compute the d e s i r e d  q u a n t i t i e s  r e a d i l y  
on a computer. I n  every case, terms wi th  series of complex hyperbol ic  func t ions  
may be d iscarded  ( t h e  sum of t h e  series p r a c t i c a l l y  never exceeds t h e  d u p l i c a t e  
f i r s t  t e r m  of t h e  s e r i e s ) .  Then a l l  of t h e  r e q u i s i t e  q u a n t i t i e s  may be ex- 
pressed  i n  t abu la t ed  func t ions ,  which may be ca l cu la t ed  by hand without  any 
s p e c i a l  e f f o r t .  

The r e s u l t s  obtained f i n d  l imi t ed  a p p l i c a t i o n  i n  t h e  cons t ruc t ion  of in -  
duc t ion  pumps, due t o  t h e  g r e a t  i d e a l i z a t i o n  of a rea l  pump ( s o l i d  conduct ive 
medium f i l l s  t h e  e n t i r e  c learance ,  i nduc to r s  are wider  than  t h e  medium and are 
replaced by ferromagnet ic  half-spaces  wi th  s i n u s o i d a l  s u r f a c e  cu r ren t  loading) .  
These r e s u l t s  a l s o  f i n d  l i m i t e d  a p p l i c a t i o n  due t o  t h e  l a c k  of r igorous  /93 
s o l u t i o n s  which provide an estimate of t h e  e r r o r  involved i n  t h i s  i d e a l i z a t i o n .  

One of t h e  problems of paramount importance f o r  f u t u r e  research  i s  t h e  
development of a theory f o r  a channel of f i n i t e  width,  whose th ickness  i s  less 
than t h e  c learance  between t h e  inductors .  I n  t h e s e  s o l u t i o n s ,  t h e  absence of 
pe r tu rba t ion  of t h e  primary f i e l d  o u t s i d e  of t h e  conduct ive p l a t e  produces a 
c e r t a i n  e f f e c t .  This  e f f e c t  must vanish  as soon as t h e  p l a t e  th ickness  be- 
comes less than  t h e  c l ea rance  between t h e  induc to r s ,  s i n c e  t h e  l i n e s  of t h e  
f i e l d  w i l l  t end  t o  pass  around a h igh ly  conduct ive medium. I n  t h e  l i m i t i n g  
case E + m complete displacement of t h e  f i e l d  from t h e  conductive p l a t e  must 
occur.  The caBculat ions must be conducted on t h e  b a s i s  of t h e  assumption of 
i n f i n i t e l y  wide induc to r s .  
t o r t i o n  of t h e  f o r c e  l i n e s  must thus  become apparent  i n  t h e  cases under con- 
s i d e r a t i o n .  

The phys ica l  meaning of t h e  l a c k  of l a t t e r a l  d i s -  

The l a c k  of a s i n g l e  theory  f o r  an induct ion  pump (pump channel + in -  
duc tor )  reduces t h e  accuracy wi th  which w e  may c a l c u l a t e  such q u a n t i t i e s  (which 
are so  important i n  p r a c t i c e )  as t h e  active and induc t ive  r e s i s t a n c e  of t h e  
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pump winding and its active and reactive power. It also reduces the accuracy 
with which we may calculate the changes in these parameters which are caused by 
changes in the secondary circuit of the pump. This problem is closely related 
to the problem of errors entailed when a real, tri-phase winding of the in- 
ductor is replaced by a system of an i n f i n i t e h u m b e r d p h s e s ( t h e  higher harmonics 
are 'disregarded on the assumption of a sinusoidal form of the current loading) . 

It is necessary to find a solution for inductors having a finite width, 
and it is desirable to take into account the influence of frontal sections. 
Narrow peaks of the transverse induction component have been observed experi- 
mentally along the inductor edges. There are theories which either ignore this 
phenomenon (Ref. 3 ,  7-9) o r  else they explain it incorrectly (Ref. 10, 11). 
The presence of B may lead to the re-distribution of E and E which quickly 

has an influence on the pump efficiency. 
Y Y XY 

Finally, it is necessary to find an approximate hydrodynamic solution for 
a liquid-metal channel which is divided into several parts by longitudnal par- 
titions (this is a case which extremely important in practice). This makes it 
possible to correctly select structural methods for combating an excessive 
change in pressure along the channel width and to combat the danger of inverse 
flows of the molten metal, which greatly reduce the pump efficiency. 

The main emphasis must thus be placed on a clear representation of the 
concepts to be used, without struggling with complex computational formulas. 
The clear representation of the concepts is absolutely requisite for orienting 
pump construction in practice (thus, we do not advise an approximate machine 
solution of the existing differential equations for the given boundary con- 
ditions), The computational formulas contain, as a maximum, rapidly-con- /94 
verging series of hyperbolic functions of a complex argument. These functions 
are apparently fundamental solutions in an investigation o f  induction 
processes in rectangular regions and may be readily calculated on computers. 
When one investigates semi-infinite regions (inductor of finite width), it i s  
true that we may expect a solution in the form of Fourier integrals, which may 
lead to certain difficulties in the numerical calculations, 

REFERENCES 

1, 

2. 

3 .  

4 .  

5. 

84 

Shimoni, K. Teoreticheskaya Elektrotekhnika (Theoretical Electrical 
Engineering) . Izdatel'stvo "Mirrr , 1964. 

Landau, L.D., Lifshits, Ye.M. Elektrodinamika Sploshnykh Sred (Electro- 
dynamics of Solid Media). Fizmatgiz, 1959. 

Vol'dek, A . I .  Toki i usiliya v sloye zhidkogo metalla ploshikh indukts- 
ionnykh nasosov (Currents and Stresses in a Layer of Molten Metal of 
Flat Induction Pumps). Izvestiya vysshikh uchebnykh zavedeniy, Elektro- 
mekhanika, 1, 1959. 

Vevyurko, I . A .  K raschetu kharakteristik dvukhfaznoy induktsionnoy mashiny 
s polym rotorom (Calculation of Two-Phase Induction Machine with Hollow 
Rotor). Vestnik Elektropromyshlennosti, 6, 1957. 

nasosov v elektroliticheskoy vanne i na elektroprovodyashchey bumage 
Nitsetskiy, L.V. Modelirovaniye elektricheskogo polya elektromagnitnykh 



(Modeling of the Electric Field of  Electromagnetic Pumps in an Electro- 
lytic Bath and on Electroconductive Paper). V Kn: Elektromagnitnyye 
protsessy v metallakh (In the Book: Electromagnetic Processes in Metals). 
Izdatel'stvo AN Latv. SSR, 1959. 

6. Ulmanis, L.Ya. Fizicheskiye yavleniya pri induktsionnom vozdeystvii beg- 
ushchego magnitnogo polya na sloy zhidkogo metalla (Physical- Phenomena 
During the Induction Influence of a Traveling Magnetic Field on a Layer 
of Molten Metal). Avtoref Kand. Diss. (Author's Abstract of Candidate's 
Dissertation) , Riga, 1963. 

Vol'dek, A.I., Yanes, Kh.1. Poperechnyy krayevoy effekt v ploskikh induk- 
tsionnykh nasosakh pri kanale zhidkogo metalla s provodyashchimi stenkami 
(Transverse Edge Effect in Plane Induction Pumps in the Case of a Molten 
Metal Channel with Conductive Walls). V Kn: Voprosy Magnitnoy gidro- 
dinamiki i dinamiki plazmy (In the Book: Problems of Magnetic Hydro- 
dynamics and Plasma Dynamics). Izdatel'stvo AN Latv. SSR, 1962. 

Vilnitis, A.Ya. Raspredeleniye poley i tokov v provodyashchem tele prya- 
mougol'nogo secheniya, pomeshchennom mezhdy dvumya beskonechnymi induk- 
torami s sinusoidal'nym begushchim magnitnym polem (Distribution of Fields 
and currents in a Conductive Body Having Rectangular Cross Section, 
Placed Between Two Infinite Inductors with a Sinusoidal Traveling Mag- 
netic Field). Izvestya AN Latv. SSR, Seriya Fizicheskikh i Teknich- 
eskikh Nauk, 2, 1965. 

9. Veske, T,A, Resheniye uraveniy elektromagnitnogo polya ploskoy lineynoy 
induktsionnoy mashiny s uchetom vtorichnykh poperechnogo i tolshchinogo 
krayevykh effektov (Soltuion of Equations for an Electromagnetic Field 
of a Plane, Linear Induction Machine with Allowance for Secondary Trans- 
verse Edge Effects and Thick Edge Effects). Magnitnaya Gidrodinamika, 
1, 1965. 

10. Okhremenko, N.M. Magnitnoye pole ploskogo induktsionnogo nasosa (Magnet+ 
Field o f  a Plane Induction Pump), Elektrichestvo, 8, 1964. 

11, Okhremenko, N.M. Lssledovaniye prostranstvennogo raspredeleniya magnitnykh 
poley i elektromagnitnykh yavleniy v induktsionnykh nasosakh (Study of 
the Spatial Distribution of Magnetic Fields and Electromagnetic Phenomena 
in Induction Pumps). Magnitnaya Gidrodinamika, 1, 1965. 

LONGITUDINAL EDGE EFFECT IN L1,NEAR INDUCTION MHD MACHINES /95 
Ya. Ya. Valdmanis 

1. Int-roduction 

As is well known, the development of a theory for linear induction MHD 
machines was initiated with research on the simplest idealized models, in which 
it was assumed that the dimensions of the inductor (primary circuit) and the 
molten metal (secondary circuit) were infinite in Irhk longitudinal and trans- 
verse directions. Refinements related to the finiteness of real MHD machines, 
which were independent of each other, were introduced in the successive stage. 
The group of phenomena related to the finiteness of the dimensions in the 
longitudinal and transverse directions was designated as the longitudinal and 
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t r a n s v e r s e  edge e f f e c t ,  r e s p e c t i v e l y .  These e f f e c t s  w e r e  s tud ied  repeatedly 
both t h e o r e t i c a l l y  and experimentally.  
ga t ion  of t h e  present  s ta te  of research  on one of these  problems -- t h e  long- 
i t u d i n a l  edge e f f e c t .  
problem may b e  found i n  t h e  work by A .  I. Vol'dek (Ref. 1). 

This a r t ic le  i s  devoted t o  an i n v e s t i -  

W e  would l i k e  t o  poin t  ou t  t h a t  a b r i e f  summary of t h i s  

Before t h e  development of l i n e a r  MHD machines, t h e  l o n g i t u d i n a l  edge e f f e c t  
was s tudied  i n  connection with t h e  development of asynchronous engines with 
arc and l i n e a r  s t a t o r s ,  but  w e  s h a l l  i n v e s t i g a t e  t h i s  problem from t h e  view- 
poin t  of MHD machines with allowance f o r  t h e i r  s p e c i f i c  p r o p e r t i e s  (unlimited 
secondary c u r c u i t  and a p r a c t i c a l l y  i n f i n i t e  magnetic permeabi l i ty  of t h e  mag- 
n e t i c  c i r c u i t ) .  Assuming t h a t  t h e  channel of molten metal  i s  i n f i n i t e ,  from 
this po in t  on w e  s h a l l  only re la te  t h e  l o n g i t u d i n a l  e f f e c t  t o  t h e  f i n i t e n e s s  of 
t h e  inductor ,  which i s  represented by a smooth magnetic c i r c u i t  ( i n  t h e o r e t i c a l  
computations) with l i n e a r  cur ren t  loading given on i t s  s u r f a c e ,  i n  t h e  form of 
a t r a v e l i n g  wave. 

The l o n g i t u d i n a l  e f f e c t  of a f i n i t e  inductor  without a secondary c i r c u i t  
i s  manifested i n  t h e  presence of a d d i t i o n a l  p u l s a t i n g  f i e l d s ,  a p a r t  from t h e  
t r a v e l i n g  f i e l d ,  i n  t h e  working clearance.  
t h e s e  pulsa t ing  f i e l d s  are propagated over t h e  e n t i r e  length  of t h e  inductor  
with almost a cons tan t  amplitude. W e  should r e c a l l  t h a t ,  i n  a s i m i l a r  in -  
ductor  of i n f i n i t e  length  i n  t h e  l o n g i t u d i n a l  d i r e c t i o n ,  t h e  f i e l d  i n  t h e  
clearance has t h e  form of an undis tor ted  t r a v e l i n g  wave. The formation of 
p u l s a t i n g  f i e l d s  i n  t h e  c learance  i s  an undes i rab le  phenomenon ( t h e  symmetry of 
t h e  c u r r e n t s  i s  d i s t o r t e d ,  t h e  l o s s e s  i n c r e a s e ,  e t c . ) .  Therefore ,  d i f f e r e n t  
methods have been advanced f o r  i n h i b i t i n g  t h i s  f i e l d .  
c i r c u i t ,  t h e r e  i s  an unusual flow of t h e  induced c u r r e n t s  i n  t h e  molten meta l ,  
beyond t h e  limits of t h e  inductor  a c t i v e  zone, and t h e  f i e l d  i s  c a r r i e d  along 
i n  t h e  d i r e c t i o n  of motion. 

I n  real inductors  of MHD machines, 

/96 

When t h e r e  i s  a secondary 

L e t  us f i r s t  i n v e s t i g a t e  t h e  f i e l d  of a f i n i t e  inductor  ( longi tudina l  edge 
e f f e c t  i n  a primary c i r c u i t ) ,  and l e t  us d iscuss  changes i n  t h e  f i e l d  d i s t r i b -  
u t i o n  when t h e r e  i s  a secondary c i r c u i t  ( l o n g i t u d i n a l  edge e f f e c t  i n  a secondary 
c i r c u i t ) .  
research.  

F i n a l l y ,  w e  s h a l l  point  out  d i r e c t i o n s  which may be pursued by fur ther  

L e t  us f i r s t  t u r n  t o  a s p e c i f i c  examination of t h e  problem, and w e  would 
l i k e  t o  say a few words regarding t h e  genera l  computational method which i s  
appl ied i n  almost every s tudy devoted t o  t h e  l o n g i t u d i n a l  edge e f f e c t .  

Only t h e  electrodynamic p o r t i o n  of t h e  computation i s  i n v e s t i g a t e d  i n  

All t h e  r e s u l t s  a r e  obtained 
every r e p o r t  r- i . e . ,  t h e  molten metal. of t h e  secondary c i r c u i t  i s  replaced by 
a s o l i d  metal  moving a t  a constant  v e l o c i t y .  
from a s o l u t i o n  of t h e  Maxwell equat ions ( i n  d i f f e r e n t i a l  o r  i n t e g r a l  forms) 
with t h e  corresponding boundary condi t ions .  

2 .  Magnetic FJeld of ,  a F i n i t e  Inductor  

The f i e l d  of a f i n i t e  inductor  w a s  f i r s t  s tud ied  most ex tens ive ly  i n  a 
work by G .  I ,  Shturman (Ref. 2), but  t h e  p o s s i b i l i t i e s  inherent  i n  t h i s  study 



found p r a c t i c a l  u t i l i z a t i o n  by A.  1.Vol'dek and co-workers (Ref. 3-5, 1 7 ) .  

L e t  us d i scuss  i n  g r e a t e r  d e t a i l  t h e  r e s u l t s  der ived i n  t h e s e  s t u d i e s .  The 
following problem w a s  s tud ied  t h e o r e t i c a l l y  i n  (Ref. 2) ( s e e  Figure 1). 

Figure .1 

W e  have a magnetic c i r c u i t  with t h e  he ight  h and magnetic permeabi l i ty  p. 

/97 
The cur ren t  loading is  given i n  t h e  form of -J COS ( u t  - ~ l z )  [ i n  t h e  s tudy 
(Ref. 2)  Jo = A] on t h e  a c t i v e  p o r t i o n  of i t s  'length 2p-c. 

make allowance f o r  t h e  shunt ing c u r r e n t s  a t  t h e  ends of t h e  magnetic c i r c u i t ,  
p o r t i o n s  of t h e  length  y a r e  l e f t  unwound. The lower magnetic c i r c u i t ,  which 
does not  have winding, has  t h e  same he ight  h .  The a i r  gap equals  6 .  

I n  order  t o  

Assuming t h a t  t h e  magnetic induct ion  i n  t h e  c learance  has only t h e  com- 
ponent B (only BZ i n  t h e  magnetic c i r c u i t )  and t h a t  t h e  magnetic c u r r e n t  a t  

t h e  ends of t h e  magnetic c i r c u i t  ( i n  t h e  case of z = 4 (Y f p-r) equals  zero,  
w e  ob ta in  t h e  fol lowing f o r  the induct ion  i n  t h e  c learance  i n  t h e  reg ion  of the 
wound s e c t i o n :  

X 

(1) B=Bmsin ( o f - - ) -  (-l)PBm[Rechpzsinwf- 
.- k, sh PZ COS of], 

where 

As may be seen from an analysis of express i sn  (l), t h e  f i r s t  term re- 
p r e s e n t s  t h e  t r a v e l i n g  f i e l d ,  and t h e  l as t  two tenns represent ,  r e s p e c t i v e l y ,  
t h e  p o r t i o n  of t h e  p u l s a t i n g  f i e l d  which i s  symmetrical over t h e  inductor  
length  (%ch Pz) and non-symmetrical (Qsh p z ) .  In  t h e  case of p which i s  odd 
(even), t h e  phase of t h e  symmetrical f i e l d  coincides  ( s h i f t e d  by 180") wi th  t h e  
phase of t h e  t r a v e l i n g  f i e l d  i n  t h e  middle of t h e  inductor  ( z  = 0 ) ,  and t h e  
phase of t h e  non-symmetrical f i e l d  i s  s h i f t e d  up t o  go", as compared with t h e  
symmetrical f i e l d .  I f  t h e  magnetic permeabi l i ty  of t h e  magnetic c i r c u i t  s t r i v e s  
t o  i n f i n i t y  [ B  -+ 0 corresponds t o  t h i s  ( 3 ) ] ,  t h e  non-symmetrical p o r t i o n  of t h e  
f i e l d  d isappears ,  and t h e  symmetrical component i s  cons tan t  over t h e  inductor  
length.  Consequently, t h e  non-symmetrical component of t h e  p u l s a t i n g  c u r r e n t  
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is  caused by t h e  f i n i t e n e s s  of t h e  magnetic c i r c u i t  ( s a t u r a t i o n ) .  Since t h e  
case mentioned above i s  observed i n  l i n e a r  MHD machines, l e t  us w r i t e  expression 
(1) i n  t h e  case of 6 + 0 

B=B,[sin (ai-az) - (--1)PkCsinal], 

Y 
Y+pr ' 

& -___ 
( 4 )  

( 5 )  

For an experimental  v e r i f i c a t i o n  of ( 4 ) ,  l e t  us  c a l c u l a t e  t h e  d i s t r i b u t i o n  of 
t h e  e f f e c t i v e  induct ion over t h e  inductor  length  

from which w e  r e a d i l y  o b t a i n  the  maximum value  B = and t h e  mini- /98 
mum va lue  B = k and Bm: 

e f f  Bmax' 

e f f  Bmin, c 

Figure 2 p r e s e n t s  t h e  d i s t r i b u t i o n  of t h e  f i e l d ,  which w a s  measured experi-  
mental ly ,  i n  t h e  inductor  c learance of one of t h e  pumps constructed a t  t h e  
I n s t i t u t e  of Physics of t h e  Latvian SSR Academy of Sciences [ s i m i l a r  curves are 
a l s o  given i n  (Ref, 5 ,  18)]. The curve corresponding t o  (6)  i s  shown by t h e  
dot ted  l i n e  ( t h i s  d i s t r i b u t i o n  i s  observed i n  t h e  case of s e r r a t e d  p u l s a t i o n s ) .  

Figure 2 

Thus, w e  may experimentally introduce t h e  c o e f f i c i e n t  k which represents  
C 

t h e  r a t i o  between the  a m p l i t u d e s  of the  p u l s a t i n g  and t r a v e l i n g  components of 
t h e  f i e l d .  However, according t o  (5) a t h e o r e t i c a l  in t roduct ion  of k i s  f a r  

from s e t t l i n g  t h i s  quest ion.  
introduced i n  ( 5 ) ,  t h e o r e t i c a l l y .  When w e  a r e  dea l ing  with r e a l  inductors  
having unwound s e c t i o n s ,  w e  may take  t h e  length  oftfris s e c t i o n  as t h e  provisional 

C 

It i s  impossible t o  determine t h e  quant i ty  Y, 

88 



quant i ty  Y. The e r r o r  which i s  introduced by t h e  c u r r e n t s  which are closed a t  
t h e  l o n g i t u d i n a l  ends of t h e  inductor  i s  thus r e t a i n e d .  When t h e r e  a r e  abso- 
l u t e l y  no shunt ing s e c t i o n s  a t  t h e  ends of t h e  inductor ,  t h e  in t roduct ion  of t h e  
c o e f f i c i e n t  k completely l o s e s  any phys ica l  meaning, i n  terms of t h e  c a l c u l a - . -  

t i o n  ind ica ted  above. 

fol lows 

C 

The s tudy (Ref. 3) proposes t h a t  kc be expressed as 

I 
( 9 )  Re=- I + & ’  

where A s  

s e c t i o n s  of t h e  magnetic c i r c u i t  and t h e  magnetic conduct ivi ty  of t h e  a c t i v e  
zone of t h e  a i r  gap. However, t h i s  happens very l i t t l e  i n  t h e o r e t i c a l  r a t i o s  
-(the problem may be reduced t o  c a l c u l a t i n g  c u r r e n t s  which are closed a t  every 
p o s s i b l e  secondary r o u t e ) .  

i s  t h e  r a t i o  between t h e  magnetic conduct ivi ty  of t h e  shunting /99 

The p u l s a t i n g  component i n  MHD machines, which i s  non-symmetrical over t h e  
inductor  length ,  i s  only s l i g h t l y  expressed according t o  [Ref. 1-31, although 
t h i s  problem n o t  y e t  been s tudied  s u f f i c i e n t l y .  The presence of t h i s  component 
may b e  e s t a b l i s h e d  experimental ly  by employing t h e  measurement method developed 
i n  (Ref. 21) ,  o r  by s tudying t h e  d i s t r i b u t i o n  of instantaneous va lues  of t h e  
f i e l d  induct ion  (Ref. 1 ) .  

The d i s t r i b u t i o n  of t h e  f i e l d  i n  a disconnected magnetic c i r c u i t  w a s  
s tud ied  by A .  A .  Lebedev (Ref. 6-9). However, a s  w a s  a l ready  i n d i c a t e d  by A .  I. 
Vol’dek (Ref. l ) ,  t h e  r e s u l t s  which he obtained do n o t  have p r a c t i c a l  va lue  due 
t o  t h e  e r r o r s  e n t a i l e d .  W e  s h a l l  d i scuss  below t h e  method which he proposed 
f o r  balancing t h e  p u l s a t i n g  f i e l d .  

A s  was a l ready  i n d i c a t e d  i n  t h e  in t roduct ion ,  t h e  formation of supplemen- 
t a r y  p u l s a t i n g  f i e l d s  of t h e  edge e f f e c t  i s  undes i rab le ,  and they must be 
el iminated a s  much a s  p o s s i b l e .  Employing t h e  terminology given i n  (Ref. 3 ) ,  
w e  s h a l l  c a l l  t h i s  process  ad jus tnent  of t h e  f i e l d ,  and w e  s h a l l  c a l l  t h e  wind- 
ings  with a supplementary p u l s a t i n g  component ad jus ted  windings. D i f f e r e n t  
methods w e r e  advanced i n  (Ref. 3 )  f o r  balancing t h e  p u l s a t i n g  f i e l d s .  I n  t h e  
case of a s i n g l e  layered winding, t h i s  i s  achieved by means of a s p e c i a l  c o i l  
with a cur ren t  which reaches t h e  core  of t h e  s t a t o r  a t  t h e  winding l e v e l ,  and 
which i s  switched on i n  phase symmetrically with r e s p e c t  t o  t h e  inductor  core ,  
o r  with a s i m i l a r  s h o r t - c i r c u i t  loop. I n  phys ica l  terms, t h i s  i s  based on t h e  
f a c t  t h a t  t h e  f i e l d  of t h e  c o i l  with t h e  c u r r e n t  reaching t h e  core  i s  cons tan t  
over t h e  inductor  length  i n  t h e  case of 1-1 = m. W e  need only s e l e c t  t h e  number 
of loops of t h i s  c o i l  i n  order  t h a t  i t s  pulsa t ing  f i e l d  may equal, and be oppo- 
s i t e  t o , t h e  p u l s a t i n g  component of t h e  inductor  edge e f f e c t .  With respec t  t o  
t h e  s h o r t - c i r c u i t  loop, when t h e r e  i s  s u f f i c i e n t l y  small  r e s i s t a n c e  a cur ren t  
automatical ly  passes  through i t  i n  such a way t h a t  t h e  t o t a l  induct ion  c u r r e n t  
through t h e  s u r f a c e  (which i t  reaches) w i l l  equal  zero.  

For a m-phase s ingle- layered winding, according t o  (Ref. 3 ) ,  t h e  number of 
loops of t h e  compensating c o i l  i s  
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where w i s  t h e  number 

the, number of p a i r s  of 
0 of winding loops; k i s  t h e  winding c o e f f i c i e n t ;  p i s  

poles .  
w i  

It i s  thus assumed t h a t  t h e  s a m e  amount of cur ren t  passes  along t h e  loops 
of t h e  compensating c o i l  as along t h e  loops of t h e  inductor  winding. 

For two-layered windings, i t  is assumed t h a t  t h e  half-empty grooves / l o 0  
a t  t h e  inductor  ends are f i l l e d  by t h e  corresponding c o i l s ,  whose f r e e  ends are 
closed around t h e  edge of t h e  inductor ,  o r  a r e  loca ted  i n  s p e c i a l  grooves a t  
t h e  ends of t h e  inductor .  I f  the  c learance  i s  s m a l l ,  i n  t h e  region of i n v e r s e  
c losure  of t h e  compensation windings i t  i s  proposed t h a t  t h e  clearance be in- 
creased and t h e  winding d i s t r i b u t i o n  along t h e  length  of t h e  s e c t i o n  be de- 
creased,  i n  order  t h a t  t h e  inf luence  of these  s e c t i o n s  upon the  secondary c i r -  
c u i t  be minimal. The use of a s h o r t  c i r c u i t  loop i s  a l s o  poss ib le .  

With respect t o  t h e  compensation method proposed by Blake (Ref. lo), and 
reiterated by A .  A. Lebedev (Ref. 6-9) -- which amounts t o  a smooth change i n  
t h e  loading t o  zero a t  t h e  inductor  ends -- i t  i s  our opinion t h a t  t o t a l  de- 
s t r u c t i o n  of t h e  p u l s a t i n g  component may occur ,  It  i s  t r u e  t h a t  the  quest ion 
remains open a s  t o  how g r e a t  t h e  drop must b e ,  There i s  c e r t a i n l y  v a l i d i t y  i n  
t h e  opinion of A. I. Vol'dek (Ref. 1) t h a t  t h i s  l e a d s  t o  incomplete u t i l i z a t i o n  
of t h e  magnetic c i r c u i t ,  and t h a t  t h i s  method i s  b a r e l y  j u s t i f i e d  i n  compara- 
t i v e l y  s h o r t  inductors .  

The s t u d i e s  (Ref. 1, 3 )  present  arguments regarding t h e  e r r o r  e n t a i l e d  i n  
t h i s  method, and argue t h a t  t h e  author  (Ref. 10) i s  only i n t e r e s t e d  i n  t h e  
f i e l d  i n  t h e  magnetic c i r c u i t  yoke. However, as w a s  shown i n  (Ref, 1, 3 ) ,  when 
t h e r e  i s  a pure ly  t r a v e l i n g  f i e l d  i n  t h e  c learance ,  an a d d i t i o n a l  p u l s a t i o n  
cur ren t  may e x i s t  i n  t h e  yoke. Actual ly  ( see  Figure 1) i n  t h e  case of 6 + 0 
and Y + 0 w e  may o b t a i n  t h e  following from t h e  expression ( 4 )  f o r  t h e  magnetic 
cur ren t  i n  t h e  yoke 

r -  - (-1)P cos of] .  

However, t h e  e r r o r  e n t a i l e d  i n  t h e  method of Blake does n o t  fol low -- i .e . ,  
t h e  f a c t  t h a t  a p u l s a t i o n  f i e l d  may e x i s t  i n  t h e  clearance i f  i t  is a purely 
t r a v e l i n g  f i e l d  i n  t h e  yoke: 

W e  thus  f i n d  t h a t  t h e  f i e l d  i n  t h e  clearance w i l l  be  a purely t r a v e l i n g  f i e l d ,  
i f  i t  i s  a purely t r a v e l i n g  f i e l d  i n  t h e  yoke. 

An a r t i c l e  by A.  P .  Rashchepkin (Ref. 15) r e c e n t l y  appeared, i n  which he 
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s tudied  windings with l i n e a r  cur ren t  loading which was n o t  uniform over t h e  in-  
ductor  length  ( i n  o t h e r  a s p e c t s ,  t h e  problem was s i m i l a r  t o  t h a t  i n v e s t i g a t e d  
previously i n  [Ref. 21, see Figure 1 ) .  The loading i s  represented i n  t h e  form 
of a superpos i t ion  of t h e  windings with d i f f e r e n t  po le  d i v i s i o n s  (T) and 1101 
t h e  s a m e  va lues  of t h e  frequencies  (w) and amplitudes of t h e  l i n e a r  cur ren t  
loadings (Jo).  

duct ion i n  t h e  c learance  i n  t h e  form of a series, and s tudied  t h e  p o s s i b i l i t y  
of balancing t h e  p u l s a t i n g  f i e l d s .  The method advanced does n o t  d i f f e r  b a s i c a l -  
l y  from t h e  method proposed by A .  I. Vol'dek which w a s  j u s t  discussed.  

The author  (Ref. 15) obtained expressions f o r  t h e  magnetic in -  

The d i s t r i b u t i o n  of t h e  f i e l d  i n  t h e  c learance  of a f i n i t e  inductor ,  as a 
func t ion  of t h e  inductor  length ,  was s tudied  i n  (Ref. 20).  This  a r t i c l e  in- 
v e s t i g a t e d  t h e  problem, which w a s  similar t o  t h a t  solved by G .  I. Shturman 
(Ref. 2 ) ,  i f  w e  set f3 and Y = 0 i n  t h e  l a t t e r ,  and i f  i t  is  assumed t h a t  p 
( length  of t h e  inductor  i n  pole  d i v i s i o n s )  i s  an a r b i t r a r y  number. Somewhat, 
unexpected r e s u l t s  w e r e  obtained.  I n  t h i s  model, t h e  p u l s a t i n g  f i e l d  was en- 
t i r e l y  determined by t h e  inductor  length.  The g e n e r a l i z a t i o n  of expression ( 4 )  
w a s  a l s o  given f o r  t h e  f i e l d  i n  t h e  c learance  i n  t h e  region of t h e  wound sec- 
t i o n s  : 

B=&[cos (o t -aZ) -cos  n p c o ~ o t ] ,  (12) 

where p ,  a s  was a l ready  i n d i c a t e d ,  i s  ha l f  of t h e  inductor  length  i n  u n i t s  of 
t h e  pole  d i v i s i o n .  

I n  order  t o  suppress  t h e  pulsa t ing  component, i t  i s  proposed t h a t  induc- 
t o r s  be used whose a c t i v e  p o r t i o n  has  an odd number of po le  d i v i s i o n s .  I n  t h i s  
case cos np  (p -- odd number) and t h e  p u l s a t i n g  p o r t i o n  of t h e  f i e l d  d is -  

appears i n ( 1 2 ) .  
i n c i d e s  with t h e  r e s u l t s  given i n  (Ref. 3-5, 17) .  The a r t i c l e  (Ref,  20) pre- 
s e n t s  t h e  r e s u l t s  der ived from experimental  s t u d i e s ,  which s u b s t a n t i a t e  t h e  
v a l i d i t y  of (12).  

- =  0 
2 

I n  t h e  case  of even 2p ,  w e  o b t a i n  cos ~p = ( - l ) p ,  which co- 

S i m i l a r  ideas  w e r e  advanced i n  (Ref. 10, 19)  regarding t h e  p o s s i b i l i t y  of 
a purely t r a v e l i n g  f i e l d  i n  t h e  c learance  of a f i n i t e  inductor .  However, a 
s u f f i c i e n t l y  Comprehensive t h e o r e t i c a l  b a s i s  was n o t  provided f o r  t h e s e  i d e a s .  

3. F i e l d  of a F i n i t e  Inductor  with a Secondary C i r c u i t  . * -  - - - _ -  -- 

All of t h e  preceeding r e s u l t s  p e r t a i n  t o  no-load opera t ion  of t h e  machine. 
However, t h e  cons t ruc t ion  of a MHD machine must be optimal i n  t h e  o p e r a t i o n a l  
regime. Consequently, i t  i s  of g r e a t e s t  i n t e r e s t  t o  s tudy t h e  d i s t r i b t u i o n  of 
t h e  f i e l d  i n  an inductor  wi th  a secondary c i r c u i t .  I f  a comprehensive s tudy of 
t h i s  type w e r e  c a r r i e d  o u t ,  i t  would be p o s s i b l e  t o  r e f i n e  t h e  e f f i c i e n c y  with 
which t h e  f i e l d  could be ad jus ted  during no-load opera t ion .  However, a s  was 
a l ready  i n d i c a t e d  i n  (Ref. l ) ,  t h i s  problem has been s tudied  t o  t h e  least  ex- 
t e n t ,  and t h e r e  i s  no u n i f i e d  terminology f o r  i t .  W e  s h a l l  d e a l  with t h e  s tudy 
performed by A. I. Vol'dek (Ref. 1 2 )  i n  g r e a t e r  d e t a i l  la ter  on, r e t a i n i n g  t h e  
terminology employed by him (Figure 3 ,  previous n o t a t i o n ) .  The d i f f e r e n c e  from 
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t h e  problem i n v e s t i g a t e d  above c o n s i s t s  of t h e  f a c t  t h a t  t h e  magnetic c i r c u i t  
i s  n o t  l imi ted  i n  terms of he ight  (h -P m) and i n  t h e  l o n g i t u d i n a l  d i r e c t i o n m  
(y + a). Its magnetic permeabi l i ty  i f  i n f i n i t e  (11 + b) and, i n  a d d i t i o n ,  t h e  
c learance  i s  f i l l e d  by a conductor having t h e  conduct iv i ty  u which moves l i k e  
a s o l i d  body a t  t h e  constant  v e l o c i t y  u = u . The s tudy (Ref. 12) a l s o  takes  

i n t o  account t h e  presence of a c learance  between t h e  inductor  and t h e  m e t a l ,  
l i k e  s e r r a t i o n  of t h e  inductor ,  bu t  t h i s  may be reduced t o  a change i n  t h e  con- 
d u c t i v i t y  of t h e  body which f i l l s  t h e  e n t i r e  c learance.  W e  s h a l l  no t  d e a l  with 
problem of whether t h i s  conduct ivi ty  o f  t h e  m e t a l  i s  r e a l  o r  e f f e c t i v e ,  and 
s h a l l  t ake  i n t o  account a d d i t i o n a l  phenomena. 

Z 

Figure 3 Figure 4 

Assuming t h a t  t h e  f i e l d  i s  a P lane-Para l le l  f i e l d  ( i . e . ,  i t  does not  
depend on t h e  x-coordinate) ,  f o r  H = H w e  o b t a i n  t h e  following equat ion 

X 

The author  (Ref. 12) wri tes  t h e  s o l u t i o n  wi th in  t h e  limits of t h e  a c t i v e  
zone a s  t h e  sum of two f i e l d s :  

H=Ni+HZ,  (14) 

H 1 = H , l a e i ( ~ ~ - a z ) + ~  Ineiot. (15) 

where 

Thus H i s  given and d i f f e r s  from zero only wi th in  t h e  l i m i t s  of t h e  a c t i v e  

zone ( 1 z I < P T ) .  
1 

I n  our opinion, i t  would be simpler t o  g ive  t h e  l i n e a r  loading i n  t h e  form 
of a t r a v e l i n g  wave C- i . e . ,  only t h e  f i r s t  term i n  (15). The pulsa t ing  com- 
ponent of t h e  no-load opera t ion  [second term i n  (15)] would have t o  be obtained 
from H2 i n  (141, when CT -P 0. This problem is  more genera l  as compared with t h e  

s tudy by G.  I. Shturman (Ref. 2 ) ,  i f  Y + 03, 1-1 + m, h -+ m i n  t h e  l a t t e r ,  and the  
r e s u l t s  given i n  (Ref. 2) must be obtained a s  a s p e c i a l  case  of t h e  problem 
under cons idera t ion .  Such a d i s t i n c t i o n  would be v a l i d  i f  w e  wished t o  'con- 
s i d e r  t h e  f i n i t e n e s s  of t h e  magnetic c i r c u i t  o r  t h e  he ight  of t h e  yoke. How- 
ever,, we would then have t o  def ine  t h e  pulsa t ing  f i e l d s  beyond t h e  l i m i t s  of 
t h e  a c t i v e  zone; t h e s e  f i e l d s  e x i s t  beyond t h i s  zone, as w a s  shown by G. I. 
Sh turman . 

1103 For t h e  given case ( i . e . ,  f3 + 0 and Y + a), w e  obta in  - 
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(16) 
HI,=- (--l)PH1a. 

L e t  us w r i t e  t h e  formulas der ived i n  (Ref. 1 2 ) ,  with allowance f o r  t h e  
s ta tements  presented above: 

H, = C4e(k+B)z, 

where 

The i n d i c e s  I - 111 des igna te  t h e  t o t a l  f i e l d s  i n  t h e  corresponding reg ions  
( see  Figure 3 ) .  

L e t  us s tudy i n  g r e a t e r  d e t a i l  t h e  s t r u c t u r e  of t h e  f i e l d  i n  t h e  active 
s e c t i o n  ( I z l < p ~ ) .  W e  s h a l l  only be i n t e r e s t e d  i n  t h e  a d d i t i o n a l  terms i n  ex- 
press ion  (19) ,  i . e . ,  t h e  f i r s t  and second terms. The l a s t  two terms occur i n  
i n f i n i t e  inductors ,  and w e  s h a l l  n o t  d i s c u s s  them. 

Thus, with allowance f o r  dependence on t i m e ,  w e  may w r i t e  t h e  f i e l d  of t h e  
edge e f f e c t  H i n  t h e  fol lowing form 2 edge 

H2 edge 

A s  may b e  seen,  t h e  
oppos i t ion  from t h e  ends 

f i e l d s  of t h e  edge e f f e c t  are f i e l d s  which move i n  
of t h e  inductor  a t  a v e l o c i t y  of 

I n  (Ref. 1 2 ) ,  t h e  f i r s t  f i e l d ,  which i s  propagated i n  a p o s i t i v e  d i r e c t i o n , / l 0 4  
is c a l l e d  t h e  d i r e c t  f i e l d  of t h e  l o n g i t u d i n a l  e f f e c t ,  and t h e  second f i e l d  i s  
c a l l e d  t h e  i n v e r s e  f i e l d .  As may be seen from (25) ,  i n  t h e  case of B # 0 ( t h i s  
corresponds t o  u # 0 ) ,  t h e  f i e l d s  of t h e  edge e f f e c t  are damped i n  a d i s s i m i l a r  
way: i n  t h e  case of u>O t h e  d i r e c t  f i e l d  i s  damped more slowly. The f i e l d  i s  
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c a r r i e d  along by a f l u x  of molten m e t a l ,  which has been observed experimentally 
(Ref. 13) .  

- 

0 
28.1 
28,4 
11.0 
28,4 
28.4 
0,965 

Such a phenomenon has been observed by t h e  author  beyond t h e  l i m i t s  of t h e  
a c t i v e  zone. A wave escapes from t h e  r i g h t  end, which i s  similar t o  t h e  wave 
of t h e  d i r e c t  edge e f f e c t ,  and a wave which i s  s imilar  t o  t h e  wave of t h e  in- 
verse edge e f f e c t  escapes from t h e  l e f t  end. I n  order  t o  o b t a i n  a c l e a r e r  pic- 
t u r e  of t h i s ,  l e t  us examine Figure 4 given i n  (Ref. 1 2 ) ,  which presents  a d ia -  
gram of t h e  d i s t r i b u t i o n  and motion of t h e  f i e l d s  of t h e  edge e f f e c t .  The 
arrows des igna te  t h e  d i r e c t i o n  i n  which t h e  waves of t h e  edge e f f e c t  are prop- 
agated;  t h e i r  v e l o c i t y  determines ( 2 6 ) .  L e t  us present  two numerical examples 
from (Ref. 12) :  (1) induct ion  pump f o r  aluminum a t  735OC; (2)  induct ion  pump f o r  
sodium a t  a temperature of 500OC. 
t h e  pole  d i v i s i o n  i s  T = 0.15 m ,  and t h e  number of p a i r s  of poles  i s  2p = 6.  
The i n i t i a l  d a t a  f o r  t h e s e  examples are presented i n  Table 1. 

I n  both cases ,  i t  is  assumed t h a t  f = 50 cps,  

27,2 
3.57 
22,7 
13,8 

895 
62.9 
0,743 

TABLE 1 

- .-_____ 

I 
B 1/M 0 
a t/M 16,2 
6 1 16,2 

(1) uKP ( 2 )  m/ceK 19.4 
a- B 16,2 

16,2 
0,772 

-- I N I T I A L  DATA FOR THE EXAMPLES 

_ .- 

8.85 
17.4 
15,2 
20,6 

26.2 
8,55 

0,31 

Quant i t ies  
.-_I -__ ~ ~ _ -  . 

Layer Thickness 

Equivalent Clearance 

S p e c i f i c  Resis tance 

Parameter 

Aluminum 
. . .  . .  

10 

35 

21.3 

528 

Magnesium 

5 

6.6 

18.44 

1620 

..-.- 

Table 2 p r e s e n t s  L e  q u a n t i t i e s  f o r  t h e  pumps under con--deration which 
c h a r a c t e r i z e  t h e  f i e l d s  of t h e  edge e f f e c t .  

TABLE 2 /105 
CHARACTERISTICS OF THE FIELDS OF THE EDGE EFFECT 

.inum 
5-0.05 

12,o 
18,3 
14.4 
21,s 

6.3 
30,3 
0,06 

ium 
s-0.05 

36.8 
41.6 
19.5 
16.1 
4,8 

78-4 

-- 

_- - 

0.182 
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A s  may be seen from t h e  t a b l e ,  t h e  v e l o c i t y  of t h e  edge e f f e c t  f i e l d s  in- 
creases wi th  a decrease i n  t h e  s l i p p i n g  and conduct ivi ty .  Damping of t h e  f i e l d s  
i s  charac te r ized  by 1 and 1 (corresponding t o  t h e  d i s t a n c e  a t  which t h e  

i n v e r s e  and d i r e c t  f i e l d s  a r e  damped by a f a c t o r  of e ) .  Table 2 a l s o  presents  
t h e  r a t i o  between t h e  f i e l d  of t h e  secondary c u r r e n t s  and t h e  f i e l d  of t h e  p r i -  
mary c u r r e n t s .  

B+a a- B 

It should be pointed out  t h a t  t h i s  phenomenon is  nothing else than d i f f u -  
s i o n  of t h e  magnetic f i e l d  from each end of t h e  inductor  i n  both d i r e c t i o n s .  
Passing t o  t h e  l i m i t  CI + 0 ,  u + 0 i n  expression (25)  w e  ob ta in  

i .e . ,  t h e  f i e l d  of t h e  l o n g i t u d i n a l  edge e f f e c t  of t h e  primary c i r c u i t .  This  
r e s u l t .  i s  obtained because t h e  f i e l d  of t h e  d i r e c t  and i n v e r s e  l o n g i t u d i n a l  
e f f e c t  i n  a secondary c i r c u i t  i s  not  damped i n  t h e  l i m i t  over t h e  length  of t h e  
inductor ,  and i t s  v e l o c i t y  str ives t o  i n f i n i t y  i n  t h e  case  of CI + 0. I n  

regions I and 111, t h e  f i e l d s  disappear ,  s i n c e  C and C s t r i v e  t o  zero when 

u + 0 and CI + 0. 

Ja 
3 4 

The l o n g i t u d i n a l  edge e f f e c t  i n  a f i n i t e  inductor  wi th  a secondary c i r c u i t  
was a l s o  s tudied  i n  (Ref. 14 )  (Figure 5 ) ,  where -- i n  c o n t r a s t  t o  (Ref. 1 2 )  -- 
i t  i s  assumed t h a t  t h e r e  i s  winding on both s i d e s  of t h e  channel, t h e  magnetic 
permeabi l i ty  of t h e  magnetic c i r c u i t  i s  u = cons t ,  t h e  inductor  length  i s  
a r b i t r a r y ,  and i n  a d d i t i o n  damping of t h e  f i e l d  i n  t h e  c learance  i s  taken i n t o  
account ( s u r f a c e  e f f e c t ) .  

The problem is  solved by means of t h e  v e c t o r  p o t e n t i a l  A ,  which i s  found 
from so lv ing  t h e  equat ion f 106 

with t h e  corresponding boundary condi t ions.  

t" The author  (Ref. 14) makes a 
Four ie r  t ransformation with respec t  t o  
t h e  z v a r i a b l e  -- i . e .  , t h e  s o l u t i o n  
f o r  A i s  w r i t t e n  i n  t h e  form - z  

OD , "  
Figure 5 ( 2 9 )  

1 A,= - J A, (E, x )  eE*dE. 
--m 

2TF 

I n  view of t h e  symmetry wi th  respec t  t o  x ,  t h e  Fourier  component i n  t h e  
c learance  may b e  w r i t t e n  as 

A I  ( S I  X )  =Ao ch ( ~ $ ? - T u ~ + i o p a ) ~ .  

However, t h e  assumption i s  a l s o  advanced t h a t  i n  an upper magnetic c i r c u i t  t h e  

( 3 0 )  
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given component of t h e  p o t e n t i a l  i s  

It may be r e a d i l y  seen t h a t ,  by employing t h e  Fourier  component (31) w e  
o b t a i n  t h e  following f o r  t h e  p o t e n t i a l  i n  region I V  

- W  

Since x > 0 i n  t h e  upper magnetic c i r c u i t ,  t h i s  i n t e g r a l  d iverges ,  because t h e  
integrand increases  i n d e f i n i t e l y  i n  t h e  case of 5 + -my  and consequently 
AIV ( 5 , ~ )  does n o t  have t h e  form of (31). 

Since t h e  author  (Ref. 14) employs t h e  i n c o r r e c t  Four ie r  component t o  ob- 
t a i n  a l l  f u r t h e r  r e s u l t s ,  t h e  a n a l y s i s  of t h i s  s tudy could b e  discont inued.  
The incor rec tness  of t h e  r e s u l t s ,  i n  connection with t h e  s ta tements  given above, 
per ta ins  to a l l  formulas and arguments when l~ of t h e  magnetic c i r c u i t  equals  
const .  However, a l a r g e  p o r t i o n  of t h e  a r t i c l e ( R e f .  14) i s  devoted t o  s tudying 
t h e  case when p of t h e  magnetic c i r c u i t  equals  i n f i n i t y .  I n  t h i s  case ,  t h e  
terms, which are obtained from t h e  i n c o r r e c t  form of t h e  p o t e n t i a l  i n  / lo7  
region IVY vanish,  and a c o r r e c t  r e s u l t  i s  obtained.  The magnetic f i e l d  
i n  t h e  c learance  may b e  expressed i n  t h e  form of a series, whose f i r s t  term 
coincides  with t h e  r e s u l t s  der ived i n  (Ref. 12) .  The author  (Ref. 14) has  a l s o  
obtained a n a l y t i c a l  expressions with allowance f o r  t h e  f i r s t  term of t h e  series 
f o r  Joule  hea t  l o s s e s  f o r  t h e  e f f e c t i v e  power and consumed power. I n  a d d i t i o n ,  
t h e  r e s u l t s  w e r e  analyzed q u a l i t a t i v e l y  f o r  s p e c i f i c  va lues  of t h e  parameters 
introduced,  but w e  s h a l l  not  present  these  expressions due t o  t h e  f a c t  t h a t  
they are cumbersome. 

The author  (Ref. 14) has a l s o  s tudied  t h e  problem of compensation f o r  t h e  
l o n g i t u d i n a l  e f f e c t  -- i . e . ,  t h e  p o s s i b i l i t y  of obtaining a f i e l d  i n  t h e  con- 
duc t ive  m e t a l ,  i n  t h e  form of a non-dis tor ted t r a v e l i n g  wave. I n  order  t o  do 
t h i s ,  i t  i s  proposed t h a t  winding b e  employed i n  t h e  forms of t h e  superpos i t ion  
of t h r e e  windings with d i f f e r e n t  T and d i f f e r e n t  amplitudes of t h e  cur ren t  
loadings.  However, t h e  use  of such complex windings r e q u i r e s  an a d d i t i o n a l  
t h e o r e t i c a l  b a s i s  o r  experimental  v e r i f i c a t i o n .  

The f i e l d  of a f i n i t e  inductor  with a secondary c i r c u i t  w a s  s tud ied  i n  
t h e  work (Ref. l l ) ,  but  t h e  r e s u l t s  obtained (which w a s  ind ica ted  i n  [Ref. 11) 
have no p r a c t i c a l  importance. 

The l o n g i t u d i n a l  e f f e c t  of a f i n i t e  inductor  without a secondary c i r c u i t ,  
and with a secondary c i r c u i t , w a s  
manner. To obta in  a q u a n t i t a t i v e  theory f o r  t h e  l o n g i t u d i n a l  e f f e c t  of- a 
f i n i t e  conductor, w e  would have t o  f i n d  more p r e c i s e  methods f o r  determining 
k i n  expression (4) .  With respec t  t o  t h e  secondary c i r c u i t ,  i t  would be d e s i r -  

a b l e  t o  c l a r i f y  t h e  inf luence  of a clearance between t h e  inductor  and t h e  molten 
metal l a y e r  upon t h e  decrease i n  t h e  f i e l d s o f t h e  edge e f f e c t  i n  t h e  secondary 
c i r c u i t  ( 2 5 )  s i n c e  t h e  r e s u l t s  given i n  (Ref, 12,  14) were obtained upon t h e  

only s tudied  t h e o r e t i c a l l y  i n  a q u a l i t a t i v e  

C 
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assumption that the entire clearance was filled with a molten metal. 

It is desirable to provide experimental confirmation of employing inductors 
with an odd number of pole divisions in the active region, when there is a 
secondary circuit. 

Concurrently with these studies, an analysis must be performed of the 
longitudinal and transverse edge effects in MHD machines. This problem was 
studied in (Ref. 16), but -- as was pointed out in (Ref. 1) -- these studies are 
far from complete. The author (Ref. 16) has provided a very approximate solu- 
tion of the problem, and only relates the phenomena occurring in the molten 
metal, within the limits of the inductor active section, with the longitudinal 
effect . 

It would be interesting to study the influence of inductor projections up- 
on the longitudinal effect. 

The directions to be followed by future research, which we discussed above, 
are naturally only provisional, and are far from encompassing all possible paths 
of research on the longitudinal edge effect in MHD machines. 
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/ lo9  

PONDEROMOTIVE FORCES ACTING UPON CONDUCTIVE BODIES I N  THE 
TRAVELING MAGNETIC FIELD OF A CYLINDRICAL INDUCTOR 

Yu. K. Krumin' 

1. In t roduct ion  

Up t o  t h e  present  t i m e ,  t h e  t r a v e l i n g  magnetic f i e l d  with a x i a l  symmetry 
has been s tudied  less f requent ly  than f i e l d s  of t h e  f l a t  type.  However, i t  i s  
of g r e a t  importance f o r  t h e  development of new designs f o r  MHD machines. The 
advantage of f i e l d s  with a x i a l  symmetry l i es  i n  t h e  f a c t  t h a t  inductors  f o r  pro- 
ducing such f i e l d s  have no f r o n t a l  s e c t i o n s ,  and t h e r e  are no t ransverse  edge 
e f f e c t s  i n  t h e  working medium. This  leads  t o  an i n c r e a s e  i n  t h e  e f f i c i e n c y  of 
t h e  machine, as a whole. 

However, c y l i n d r i c a l  inductors  i n  e lectromagnet ic  pumps and o ther  MHD mach- 
ines  have be:en employed t o  a l e s s e r  e x t e n t  than f l a t  inductors .  There a r e  few 
a r t i c l e s  i n  t h e  l i t e r a t u r e  on t h i s  problem (Ref. 19 ,  2 2 ) .  The use of a t r a v e l -  
ing magnetic f i e l d  of c y l i n d r i c a l  inductors  i s  a l s o  w e l l  known f o r  producing a 
d i f f e r e n t  type of e lectromagnet ic  conveyers of s o l i d  conductive objec ts  (Ref. 6 ,  
7 ) .  The reason f o r  t h i s  may be found pr imar i ly  i n  t h e  f a c t  t h a t  t h e  d i s t r i b u -  
t i o n  of t h e  f o r c e  d e n s i t y  over t h e  channel cross-sect ion i s  d i f f e r e n t  i n  a 
c y l i n d r i c a l  pump (with a s o l i d  channel,  without an inner  core) than i t  i s  i n  a 
f l a t  pump: i t  equals  zero i n  t h e  center  of t h e  channel. Due t o  t h i s  f a c t ,  a 
d i f f e r e n t  type of c losed flows may occur ,  which o b s t r u c t  t h e  normal opera t ion  
of t h e  pump. One opinion even holds  t h a t  a c y l i n d r i c a l  pump without a core can- 
n o t  opera te  s u c c e s s f u l l y ,  i n  genera l .  Only r e c e n t l y  have s t u d i e s  appeared (Ref. 
2 ,  17), i n  which i t  w a s  shown t h a t  t h i s  opinion i s  i n c o r r e c t ,  and t h a t  t h e  con- 
s t r u c t i o n  of c y l i n d r i c a l  pumps without cores  i s  f u l l y  poss ib le .  

A ferromagnet ic  core  considerably improves t h e  s i t u a t i o n ,  and t h e r e f o r e  i t  
is  employed i n  a l l  e x i s t i n g  c y l i n d r i c a l  pumps. However, i t  i s  only employed 
under condi t ions  i n  which t h e  core s t i l l  r e t a i n s  i t s  ferromagnetic p r o p e r t i e s .  

One of t h e  main problems which i s  encountered when designing any device 
u t i l i z i n g  ponderomotive f o r c e s ,  which inf luence  t h e  conductive media loca ted  i n  
t h e  t r a v e l i n g  magnetic f i e l d ,  i s  t h e  development of methods f o r  c a l c u l a t i n g  
t h e s e  f o r c e s ,  p a r t i c u l a r l y  t h e i r  maximum v a l u e s ,  a s  a func t ion  of o ther  /110 
c h a r a c t e r i s t i c s  of t h e  device.  This chapter  w i l l  be devoted t o  these  problems. 

2.  C y l i n d r i c a l  Inductor  and its. Electromagnetic F i e l d  

A s  i s  known, t h e  c y l i n d r i c a l  inductor  of a t r a v e l i n g  magnetic f i e l d  re- 
p r e s e n t s  a system of c o i l s  loca ted  on a common a x i s ,  which a r e  supplied by an 
a l t e r n a t i n g  c u r r e n t  which i s  u s u a l l y  a t r i -phase  c u r r e n t .  The f i e l d  produced 
by such an inductor  i s  r a t h e r  complex. Therefore ,  i n  t h e o r e t i c a l  designs s i m -  
p l i f i c a t i o n s  are u s u a l l y  introduced which assume t h a t  t h e  conductive medium 
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under consideration is located in the idealized field produced by an ideal in- 
ductor, and not in the field of a real inductor. A cylindrical surface having 
the radius R of infinite length, around whose circumference a surface current 
flows, is placed under an ideal inductor. Its density changes sinusoidally 
both in time and along the z-coordinate; A = A ei(6Jt*z). 
current represents a traveling wave, whose phase propagation velocity equals 
w l a .  At such a velocity, the equal phase plane of the field excited by 
this current is displaced along the z-coordinate. 

In other words, this 0 

The electromagnetic field in this inductor -- i.e., in the case of r \< R -- 
has the following form if the inductor is filled with a uniform medium having 
the specific conductivity o and the magnetic permeability u :  

Here we have 

and H is the strength of the tangential (H ) component of the magnetic field 

on the inductor surface -- i.e., in the case of r = R. 
00 Z 

If there are no conductive and ferromagnetic media within the inductor, 
the field has the following form 

Figure 1 presents a picture of the magnetic 
two cases, when the ratio ~ R / T  equals 2 and 0.5. 

- a z ) .  

field of an empty inductor for 

The electromagnetic field of a real inductor may be computed by sum- 1112 
ming up the fields of all the loops along which the current passes. Such a 
calculation was performed in (Ref. 16), in which an expression was found for the 
radial (H ) component of the magnetic field for an inductor of finite length. 

It was also assumed that the inductor winding was infinitely narrow, and the in- 
ductor itself represented a group of solenoids located on a c m o n  axis and 
arranged close to each other. 

r 

Since the magnetic field of a solenoid of finite length is well known (Ref. 
14), no particular difficulties are entailed in determining the total field of 
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F o m  of the Magnetic Field in a Cylindrical Inductor: 

a - For ~ R / T  = 2 ;  b - For ~ R / T  = 0.5 

the inductor. 
component o f  the field of such an inductor in the following f o r m  

Employing dimensionless notation, we may represent the radial 

Here E and K are the complete elliptic integrals of the first and second 
type; 
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k i s  t h e  number of so lenoids  forming t h e  inductor ;  

The va lues  of HZ and E are not  given i n  t h e  work (Ref. 16). 

Figure 2 p r e s e n t s  a graphic  i l l u s t r a t i o n  of t h e  func t ion  (3)  f o r  t h e  moment 

Q 

of t i m e  t = o a t  a va lue  of r = 0 . 5  f o r  c e r t a i n  :. 
The f i e l d  of a r e a l  inductor  d i f f e r s  from t h e  f i e l d  of an  i d e a l  inductor  

( i f  we do not  assume t h a t  i t  is  d i s t o r t e d  c l o s e  t o  t h e  ends) i n  t h e  f a c t  t h a t  
i n  a r e a l  inductor  it i s  n o t  a s i n u s o i d a l  f i e l d  along t h e  d i r e c t i o n  i n  which it 
is  propagated -- z-axis. It may be expanded i n  series of s p a t i a l  harmonics, 
which a l l  change a t  t h e  same r a t e  over a per iod of t i m e ,  bu t  which have d i f f e r -  
e n t  T. The l a r g e r  t h e  r a t i o  of t h e  pole  s t e p  t o  t h e  inductor  r a d i u s ,  t h e  l a r g e r  
i s  t h e  amplitude of t h e s e  harmonics. This i s  c l e a r l y  i l l u s t r a t e d  i n  Figure 2 .  
Ln t h e  case of s m a l l  :, t h e  form of t h e  curve i s  c l o s e  t o  a s inusoid ,  but  i t s  
amplitude i s  small .  The conclusion may thus be reached t h a t  a c e r t a i n  optimum 
T must exis t ,  a t  which t h e  opera t ion  of t h e  electromagnet ic  device w i l l  be  

t h e  most e f f i c i e n t  , 
optim 

The d i s t r i b u t i o n  of t h e  magnetic f i e l d  (averaged over time) i n  t h e  
r e a l  c y l i n d r i c a l  inductors  along t h e  inductor  length  was s tudied  i n  (Ref. 3 ) .  
The inf luence  of i n d i v i d u a l  c o i l s  and p r o j e c t i o n s  of t h e  inductor  magnetic 
c i r c u i t  upon t h e  f i e l d  may be c l e a r l y  seen i n  t h e  graphs.  

/113 

I n  a d d i t i o n  t o  s t u d i e s  which c a l c u l a t e  t h e  electromagnet ic  f i e l d  i n  an in-  
ductor f i l l e d  with a unifrom substance,  t h e r e  a r e  s t i l l  many s o l u t i o n s  of t h e  
problem when a conductive medium having a c e r t a i n  conf igura t ion  i s  placed i n  
t h e  inductor .  W e  s h a l l  i n v e s t i g a t e  these  s o l u t i o n s ,  toge ther  with t h e  corre- 
sponding s o l u t i o n s  f o r  t h e  ponderomotive f o r c e s ,  s i n c e  they represent  two s i d e s  
of t h e  same problem. 

3 .  G e n e r a l B r m u l a t i o n  of t h e  Problem and Method of Solu t ion  

A s  has a l ready  been i n d i c a t e d ,  t h e  problem of a cy l inder  having i n f i n i t e  
length ,  loca ted  i n  t h e  f i e l d  of an i d e a l  inductor ,  has  been subjected t o  t h e  
most extensive t h e o r e t i c a l  t reatment .  Although t h i s  represents  an i d e a l i z a t i o n  
of r e a l i t y ,  t h e  r e s u l t s  obtained never the less  present  a c o r r e c t  concept of t h e  
phenomenon -- t h e  n a t u r e  of t h e  dependence of f o r c e  on frequency, conduct ivi ty ,  
pole  d i v i s i o n ,  e t c .  The cont r ibu t ion  furnished by a cons idera t ion  of t h e  r e a l  
condi t ions amountsto a c o r r e c t i o n  of t h e  s o l u t i o n  obtained.  I n  addi t ion ,  i t  may 
be  s t a t e d  t h a t  -- i f  w e  know t h e  s p a t i a l  harmonics of  t h e  f i e l d  -- then,  i n  view 
of t h e  superpos i t ion  p r i n c i p l e ,  w e  may obta in  t h e  complete s o l u t i o n  by summing 
up a l l  of t h e  s p e c i a l  s o l u t i o n s  which correspond t o  each harmonics. All of t h i s  
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Figure  2 F igure  3 

Dependence of E 
Having F i n i t e  Length Upon i n  t h e  
Cas: of r = 0.5  and Czrtain Values 

f o r  a R e a l  Inductor  Cross-sect ion of Coaxial System 
When t h e  General Case i f  Calculated.  r 

of T i  1 - -r=o.5; 2 - -r=2.0; 
3 - ~ = 4 . 0 .  

speaks i n  favor  of a d e t a i l e d  s tudy  of t h e  i d e a l i z e d  case, which may thus  be 
assumed t o  be fundamental f o r  a s tudy  of real cases. 

The s o l u t i o n s  f o r  i d e a l  cases, which are presented  i n  d i f f e r e n t  s tud-  /114 
i e s ,  d i f f e r  p r imar i ly  i n  the amount and order  i n  which the layers  are arranged 
( l aye r s  of coax ia l  c y l i n d e r s ) ,  which are loca ted  i n  t h e  inductor .  
t hese  problems, w e  may p resen t  a gene ra l  method which may be employed t o  d e r i v e  
t h e  s o l u t i o n ,  which i s  as fo l lows .  

For a l l  of 

Le t  us  assume t h e  most gene ra l  case, when t h e  device  c o n s i s t s  of n coax ia l  
cy l inde r s ,  along which c i r c u l a r  s u r f a c e  c u r r e n t s  pass  (we s h a l l  assume t h a t  they 
have t h e  same w and a). These cu r ren t s  a l t e r n a t e  wi th  m uniform l a y e r s ,  whose 
s p e c i f i c  conduct iv i ty  and magnetic permeabi l i ty  equals  ak and pk (k = 1, 2 ,  ..., 
m) (F igure  3 ) .  The r a d i i  of t h e  su r face  d iv id ing  t h e  media may be designated 
by rk‘ 

L e t  u s  s o l v e  t h e  Maxwell equat ions  i n  c y l i n d r i c a l  coard ina tes .  S ince  t h e  
phenomenon does not  depend on t h e  angle  I$ i n  t h i s  case, a l l  of t h e  de r iva t ives  
wi th  r e spec t  t o  4 i n  t h e s e  equat ions  must be  set  equa l  t o  zero.  Due t o  t h i s  
f a c t ,  t h e  system of equat ions  i s  broken down i n t o  two independent systems (each 

r’ one c o n s i s t s  of t h r e e  equat ions  wi th  t h r e e  unknowns). One of them conta ins  H 

HZ and E 

E = E  

and t h e  o t h e r  con ta ins  E E Z  and H It may be  r e a d i l y  seen t h a t  9 ’  r + ‘  
= H+ = 0, and t h e  s o l u t i o n  of t h e  f i r s t  system has  t h e  fol lowing form r 
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where 

Such a s o l u t i o n  must be w r i t t e n  f o r  a l l  m l a y e r s ,  s u b s t i t u t i n g  t h e  corre-  
-- of sponding values  of ak and 1.1 

t h e  inner  l a y e r  containing p o i n t s  with r = 0 and t h e  outer  l a y e r  containing 
p o i n t s  with r = a. I n  order  t h a t  t h e  s o l u t i o n s  may be f i n i t e  and unique, w e  
m u s t  d i scard  t h e  func t ions  K i n  t h e  inner  l a y e r ,  and t h e  func t ions  I i n  
t h e  outer  l a y e r .  

with t h e  exception of t h e  extreme va lues  k '  

The i n t e g r a t i o n  cons tan ts  C and C2k are determined from t h e  boundary/ l l5  l k  
condi t ions ,  which hold on each d iv id ing  s u r f a c e ,  and which have t h e  following 
form 

It may be r e a d i l y  seen t h a t  t h e  f i r s t  and t h i r d  condi t ions  of (8) y i e l d  
i d e n t i c a l  equat ions,  and w e  thus  obta in  a system of equat ions from 2k - 2 equa- 
t i o n s  with 2k - 2 unknowns. With respec t  t o  t h e  second condi t ion  of (8), i f  no 
sur face  cur ren t  flows along t h e  dividing sur face ,  then zero must be s u b s t i t u t e d  
ins tead  of . % 

The s o l u t i o n  obtained completely determines a l l  of t h e  electromagnet ic  
processes i n  t h e  system under cons idera t ion .  However, t h e  complexity of t h e  
computations i n c r e a s e s  g r e a t l y  with an i n c r e a s e  i n  t h e  number of l a y e r s ,  and 
t h e r e f o r e  only problems with s e v e r a l  l a y e r s  have been i n v e s t i g a t e d  more o r  less 
ex tens ive ly  a t  t h e  present  t i m e .  

Cyl indr ica l  pumps with t h e  number of l a y e r s  reaching 6 may be f requent ly  
encountered i n  p r a c t i c e  (Ref. 1 ) .  I n  t h i s  connection, E .  K. Yankop (Ref. 20) 
proposed a method f o r  solving t h i s  system of equat ions i n  t h e  case of a l a r g e  
number of equat ions.  

4 .  Methods of Representing t h e  Resul ts  

The d i r e c t  purpose of t h e  computation i s  t o  determine t h e  ponderomotive 
forces  inf luencing t h e  working l a y e r  i n  t h e  inductor .  

I n  t h i s  case,  t h e r e  a r e  two f o r c e  components which d i f f e r  from zero -- t h e  
r a d i a l  component f r  which c o n t r a c t s  t h e  cy l inder ,  and t h e  t a n g e n t i a l  component 
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f which opera tes  i n  t h e  d i r e c t i o n  of motion of t h e  f i e l d ,  Their  densi ty  

averaged over t i m e  may b e  computed according t o  t h e  w e l l  known formulas: 
Z 

The t o t a l  f o r c e  may be found by i n t e g r a t i n g  t h e  f o r c e  dens i ty  over t h e  
e n t i r e  volume of t h e  conductive substance,  Thus, t h e  r a d i a l  f o r c e s  a r e  mutually 
balanced, and t h e r e f o r e  produce no e f f e c t s  i f  t h e  cy l inder  under cons idera t ion  
i s  s o l i d .  When they inf luence  a l i q u i d ,  d i f f e r e n t  r a d i a l  flows may arise. 

The f o r c e  component opera t ing  i n  t h e  d i r e c t i o n  of motion of t h e  f i e l d  pro- 
duces t h e  u s e f u l  e f f e c t  of d i sp lac ing  t h e  conductive body. Therefore,  __- 1116 
when one speaks of t h e  f o r c e s  i n  t h e  t r a v e l i n g  magnetic f i e l d ,  i t  i s  usua l ly  
t h i s  component which one has  i n  mind, un less  otherwise s t i p u l a t e d ,  

We must now t u r n  t o  t h e  method of def in ing  t h e  boundary condi t ions.  It 
must be s t a t e d  t h a t  (8) i s  n o t  t h e  only p o s s i b l e  method f o r  def in ing  them, In- 
s tead  of def in ing  t h e  c u r r e n t  va lues  in t h e  inductor ,  w e  may d e f i n e  t h e  s t r e n g t h  
of t h e  magnetic f i e l d  on any d iv id ing  s u r f a c e ,  This i s  t h e  customary procedure,  
e s p e c i a l l y  when t h e r e  i s  only one s u r f a c e  along which t h e  s u r f a c e  c u r r e n t s  pass .  
Thus, t h e  s t r e n g t h  (H H ) i s  given,  both on t h e  s u r f a c e  where t h e  c u r r e n t s  

pass ,  and on t h e  s u r f a c e  of t h e  conductive cy l inder  which i s  loca ted  i n  t h e  in- 
ductor ,  In  o t h e r  words, one and t h e  same problem may be represented i n  a com- 
p l e t e l y  d i f f e r e n t  manner, and t h e  expressions f o r  t h e  f o r c e  w i l l  a l s o  be d i f f e r -  
en t .  When w e  a r e  computing t h e  f o r c e ,  w e  are only i n t e r e s t e d  i n  t h e  processes  
i n  t h e  cqnductive medium under cons ldera t ion .  Therefore ,  w e  s h a l l  assume t h a t  
i t  i s  more advantageous t o  d i v i d e  t h e  problem i n t o  two p a r t s ;  t o  def ine  t h e  
s t r e n g t h  of t h e  magnetic f i e l d  (one of i t s  components) on t h e  s u r f a c e  of t h e  
conductive medium ( i f  i t  i s  s o l i d ) ,  wi th  which t h e  electromagnet ic  processes 
wi th in  i t  w i l l  be c l e a r l y  de te rmined ,  and t o  c a l c u l a t e  t h i s  s t r e n g t h  by t h e  
method indica ted  above as a func t ion  of t h e  c u r r e n t s  flowing i n  t h e  inductor  
wgndings, as w e l l  as o t h e r  c h a r a c t e r f i s t i c s  of t h e  device ,  It  i s  p o s s i b l e  t o  
d e t i n e  t h e  s t r e n g t h  of t h e  f i e l d  on t h e  s u r f a c e  o f  t h e  medium, because t h e  
d i s t r i b u t i o n  o f  t h e  electromagnet ic  f i e l d s  does n o t  change a s  a func t ion  of t h e  
Burface on which we d e f i n e  t h e  boundary condi t ions .  

z *  r 

XI? the medium which w e  a r e  c o n s i d e r h g  i s  a hol low body, i t  w i l l  be  in- 
S u f f i c i e n t  t o  d e f i n e  t h e  magnetic f i e l d  only i n  t h e  form of a s i n g l e  boundary 
condi t ion on i t s  durface.  We must here  def ine  two condi t fons.  Thls may be 
done by def in ing  t h e  Values of both f i e l d  components from one s i d e  of t h e  body, 
o r  with respec t  t o  one component from t h e  o u t e r  and i n n e r  s i d e .  However, such 
a method i s  n o t  employed i n  p r a c t i c e .  By employing t h i s  method, f o r  a s p e c i f i c  
form of t h e  body w e  s h a l l  only have one formula f o r  t h e  f o r c e ;  w e  s h a l l  have t o  
s u b s t i t u t e  a s p e c i f i c  va lue  of t h e  magnetic f i e l d  s t r e n g t h  i n  each case i n  t h i s  
formula. This  makes i t  p o s s i b l e  t o  compile t h e  genera l  curves o r  t a b l e s  f o r  
t h e  c a l c u l a t i o n s ,  which may be employed i n  every case, and t o  analyze t h e  phe- 
nomenon, a b s t r a c t i n g  from t h e  f o r e i g n  inf luences  introduced by o ther  elements 
of t h e  device.  
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Naturally, all of these statements only pertain to problems regarding in- 
finitely long cylinders in an ideal inductor. 

In order to decrease the number of variables, the computational results 
may be represented in dimensionless form. Thus, the following dimension- 1117 
less numbers are introduced as the arguments: 

- - 
c i ~  = opoa2; a = aa, (10) 

where a is a certain characteristic dimension. Customarily, if a solid cylinder 
is being considered, its radius is taken as a. For an empty _cylinder, it is 
natural to use its wall thickness as a. In several articles w is called the 
relative frequency. 

In addition, it is advantageous to intorduce one dimensionless condition -- 
the complex relative frequency w * 

i’ 

The quantities and have a simple physical meaning: they indicate that i 
a variable field penetrates to a portion of the Characteristic dimension a. 
Thus, J characterizes the penetration of a variable, non-traveling field, and 
the real portion w characterizes the traveling magnetic field (Ref. 8 ) :  i 

where h and h2 represent the effective penetration depth, respectively, of the 

variable non-traveling field and the traveling field in half-space with a plane 
boundary dividing the media. 

1 

A s  regards representation of the force in dimensionless form, the situation 
is more complex, since different variants are possible. In this connection, 
different determinations of the dimensionless force are encountered in different 
articles. 

We shall assume that we have calculated the total force on a segment of a 
cylinder having the length R. 
& which have already been indicated, we find that this force may be represented 
as follows 

Intorducing the dimensionless parameters w and 

If we divide both sides of this equation by the factor in front of f(;,&) 
and if we designate the left side by 5 (as, for example, was done in [Ref. 1 2 ] ) ,  
we then find that 5 depends on ct -- a quantity on which 1118 
(in addition, w and E depend on a). This renders an interpretation of the 
results more difficult. 

also depends 
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W e  may select a dimensionless condi t ion F which does not  inc lude  any of 
t h e  q u a n t i t i e s  contained i n  w and a.  This condi t ion i s  as follows*: 

However, Fcr does n o t  have t h e  dimension of f o r c e  h e r e ,  although i n  phys ica l  

terms i t  may b e  regarded a s  a f o r c e  a c t i n g  upon a c e r t a i n  volume of substance 
( t h i s  w i l l  be  demonstrated i n  s p e c i f i c  problems). 

p ressure ,  but  a t  t h e  same t i m e  i t  i s  not  pressure  which may be produced by an 
apparatus .  

has  t h e  dimension of 

I n  t h i s  s e c t i o n ,  w e  s h a l l  adhere t o  t h e  opinion t h a t  i t  i s  b e t t e r  t o  pro- 
ceed with a c e r t a i n  complication of t h e  phys ica l  meaning of F ,  than i t  i s  t o  
apply interdependent condi t ions ,  whose r e l a t i o n s h i p  i s  d i f f i c u l t  t o  i n t e r p r e t  
i n  phys ica l  terms. 

The s e p a r a t i o n  of t h e  problem i n t o  two s t a g e s ,  as was mentioned previously,  
i s  a l s o  advantageous when one wishes t o  present  a graphic  i l l u s t r a t i o n  of t h e  
r e s u l t s .  The r e l a t i o n s h i p  between no more than t h r e e  q u a n t i t i e s  may be depicted 
i n  t h e  form of a set of curves on a p lane ,  but  t h e  s o l u t i o n  of t h e  genera l  
problem, even i n  t h e  s imples t  cases ,  u s u a l l y  depends on no less than four  quan- 
t i t i e s :  Nomography would be of considerable  he lp ,  but  nomograms have not  as 
y e t  been compiled f o r  t h e  r e s u l t s  i n v e s t i g a t e d  i n  our a r t i c l e .  A graphic  i l l u s -  
t r a t i o n  i s  completely impossible ,  s i n c e  a l l  t h e  formulas a r e  very complex f o r  
computations by hand. 

We would l i k e  t o  p a i n t  out  t h e  fol lowing,  I f  w e  use  w t o  des igna te  t h e  
angular  frequency of a c u r r e n t  which i s  suppl ied t o  an inductor ,  a l l  t h e  for-  
mulas of this ar t ic le  r e f l e c t  t h e  processes  occurr ing when t h e  conductive media 
a r e  n o t  i n  motion, men t h e  conductive medium moves with respec t  t o  t h e  in- 
ductor ,  a l l  t h e  formulas remain i n  f o r c e ,  but  -- i n s t e a d  of w -- w e  must sub- 
s t i t u t e  anwther v a l u e  This va lue  de- 

pends on t h e  s l i p p i n g  s: 
of t h e  frequency w1 i n  t h e s e  formulas. 

0 1  =os. (15) 

I n  t h e  case  of S = 0 ,  when t h e  medium and t h e  t r a v e l i n g  f i e l d  move a t  t h e  
same v e l o c i t y ,  a l l  t h e  f o r c e s  are equal  t o  zero.  I n  t h e  case  of S < 0 ,  t h e s e  
formulas w i l l  a l s o  be r e a l ,  but  t h e  value.-of t h e  f o r c e s  w i l l  have t o  be assigned 
t h e  opposi te  (negat ive)  s ign .  

5. S o l i d  Condu-ct-i-ve- Cylinder i n  th-e F i e l d  -of an I d e a l  Inductor  /119 

An attempt w a s  made t o  s o l v e  t h i s  problem i n  a r e p o r t  by A .  I. Tyutin 
(Ref. 1 8 ) .  However, he only ca lcu la ted  t h e  f o r c e  d e n s i t y ,  and d id  not  i n t e g r a t e  
i t  over t h e  cy l inder  volume. 

* S t r i c t l y  speaking, F and depend on v .  
wi th  substances i n  which = 1-1 i n  t h i s  context  they a r e  independent. 

This problem was s tudied  i n  g r e a t e r  d e t a i l  i n  
- - -  _ _ . ? _  l , - l .  -_ . 

However, s i n c e  w e  u s u a l l y  only deal  

0’ 
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(Ref. 1 2 ,  1 3 ) ,  where t h e  authors  c a l c u l a t e d  t h e  f o r c e  a c t i n g  upon a s o l i d  con- 
duc t ive  cy l inder  with t h e  r a d i u s  p, loca ted  i n  t h e  t r a v e l i n g  magnetic f i e l d  of 
a coaxia l  inductor .  I f  w e  assume t h a t  t h e  z-component (having t h e  amplitude 
H ) of t h e  magnetic f i e l d  s t r e n g t h  i s  given OR t h e  c y l i n d e r  s u r f a c e ,  w e  ob ta in  0 
t h e  following r e s u l t  

W e  s h a l l  employ Fcr t o  des igna te  t h e  f o r c e  a c t i n g  upon a 
of 2p u n i t s  of volume. Figure 4 p r e s e n t s  a graphic  i l l u s t r a t i o n  of dependence 
(16) ,  where va lues  of t h e  condi t ion 2 p l ~  = 2Z//.rr which are more s u i t a b l e  f o r  
p r a c t i c e  are given,  i n s t e a d  of G .  
one maximum. 

volume of substance 

This dependence r e p r e s e n t s  curves which have 

Figure 4 

Dependence of an w f o r  D i f f e r e n t  
2pI-r  f o r  a Sol id  Cylinder 

I n  t h e  case of w‘ <<a, t h e  f o r c e  
increases  i n  d i r e c t  proport ion t o  w, 
according t o  t h e  approximate formula 

and i n  t h e  case of w >>; i t  s t r i v e s  
t o  zero i n  i n v e r s e  proport ion t o  

- v3, I 1 2 0  
(18) FZ- 

yz- * 

The maxima of these  curves a r e  of 
s p e c i a l  i n t e r e s t .  However, s i n c e  w e  
s t i l l  do not  know how t o  d e r i v e . t h k  ex- 
press ions  f o r  them a n a l y t i c a l l y ,  w e  
s h a l l  confine ourse lves  t o  analyzing 
t h e i r  behavior i n  a f i g u r e .  With an in- 
c rease  i n  t.he r a t i o  between t h e  cy l inder  

diameter 2p and t h e  pole  s t e p  of t h e  inductor  T ,  t h e  maxima 
l a r g e s t  p o s s i b l e  va lue ,  equal l ing  approximately 0.85. For small  r a t i o s  of 
2p/.r, a l l  t h e  maxima occur f o r  one s p e c i f i c  va lue  of w, equal l ing  6.33. 
s m a l l  va lues  of w’, t h e  maximum f o r c e  i s  reached a t  one s p e c i f i c  va lue  of 2p/.c, 
equal l ing  0.92 ( i n  t h e  case  of w 6 15;  2 p / ~  2 1 . 5 ) .  

s t r i v e  t o  t h e  

For 

The study (Ref. 13) presents  formulas and curves f o r  c a l c u l a t i n g  Ho with 

respec t  t o  t h e  inductor  c h a r a c t e r i s t i c s  f o r  t h e  following case:  t h e  diameter of 
t h e  inductor  i s  R; t h e r e  i s  a non-magnetic, non-conductive clearance between t h e  
conductive cy l inder  and t h e  inductor :  t h e  space o u t s i d e  of the  s u r f a c e  cur ren t  
( i n  t h e  case of r > R) i s  f i l l e d  with a substance having t h e  s p e c i f i c  conduct- 
i v i t y  0‘ and t h e  magnetic permeabi l i ty  u ’ .  W e  then have 
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where 

H e r e  w e  have 

S u b s t i t u t i n g  t h e  va lue  of H from (19) i n  t h e  expression f o r  F, w e  must 
0 

select t h e  modulus la I .  

This occurs i n  an approximate manner when t h e r e  i s  an i r o n  magnetic c i r c u i t  i n  
t h e  inductor ,  and when p' = v 0 ,  u '  = 0 ( inductor  without a magnetic c i r c u i t ) .  

I n  these  s p e c i a l  cases, t h e  number of v a r i a b l e s  i s  reduced t o  3 ,  and i t  i s  pos- 
s i b l e  t o  express  them graphica l ly .  

I n  p r a c t i c e ,  w e  a r e  pr imar i ly  i n t e r e s t e d  i n  two cases:  
0 

when t h e  space r 7 R i s  f i l l e d  by a substance with u '  = m and w '  = 0. 1 1 2 2  

First case. p' = 0)) u '  = 0 o u t s i d e  of t h e  inductor .  Formula (19) changes 
i n t o  

Introducing t h e  condi t ion  = R / p ,  which i s  more convenient i n  p r a c t i c e ,  
i n s t e a d  of i' ( then a '  = ;E), (22) and (23) may be g r a p h i c a l l y  i l l u s t r a t e d  as 
is  shown i n  Figure 5, a and b.  Due t o  t h e  f a c t  t h a t  t h e s e  func t ions  depend 
s l i g h t l y  on E, i t  w a s  p o s s i b l e  t o  p l o t  a l l  of t h e  cuEves on two graphs. W e  
should note  t h a t  t h e  va lues  of H /A i n  t h e  case of w = 1 and = 0 d i f f e r  by 

less than 0.1%. The s tudy  (Ref. 12) compares formula (16) with t h e  r e s u l t s  ob- 
ta ined  experLmentally. Measurements w e r e  performed with cy l inders  having a 
d i f f e r e n t  length .  It w a s  found t h a t  t h e  f o r c e  a c t i n g  upon a u n i t  l ength  i s  
g r e a t e r  f o r  a s h o r t  cy l inder  than it  is  f o r  a long c y l i n d e r ,  i n  t h e  l i m i t i n g  
case. Ext rapola t ing  t h e  r e s u l t s  obtained t o  an i n f i n i t e l y  long cy l inder ,  t h e r e  
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Figure 5 

of H /A on %= R / p  f o r  Di f fe ren t  Values of w and 2p/.r:  a - I f  1-1' = a, cr' = 0 Outside of 0 0  
t he  Inductor ;  b - I f  1-1' = po,  cr' = 0 Outside of t he  Inductor .  I n  those S e t s  of Curves Where the  Value 

of w Is Not Shown, t h e  Lower Curve Corresponds t o  t h e  Value w = 1; The Middle Curve Corresponds t o  10 ,  

and t h e  Upper Curve Corresponds t o  100. 



w a s  s a t i s f a c t o r y  agreement wi th  t h e  t h e o r e t i c a l  va lue  of (16).  

6. Hollow- Conductive Cylinder  i n  _the Figl-d of an I d e a l  Inductor  

A problem of t h i s  type w a s  f i r s t  s tud ied  i n  t h e  a r t i c l e  by I. A .  Tyutin 
(Ref. I S ) ,  which w a s  a l ready  mentioned. A f a i r l y  complex problem w a s  solved: 
i t  w a s  assumed t h a t  t h e  c y l i n d e r  i s  loca ted  i n  t h e  f i e l d  of a composite in- 
duc tor ,  c o n s i s t i n g  of two c o a x i a l  surfaces .Currents  flow along t h e  s u r f a c e s ,  and 
one of them is  loca ted  o u t s i d e  of t h e  conductive c y l i n d e r ,  while t h e  o ther  i s  
loca ted  wi th in  t h e  conductive cy l inder .  However, t h i s  s o l u t i o n  was l i m i t e d  t o  
only descr ibing genera l  formulas. 

The s tudy (Ref. 12) der ived a formula f o r  computing t h e  f o r c e  a c t i n g  1123 

The inner  space of t h e  cy l inder  is f i l l e d  with a non-conductive, and non- 

upon a hollow c y l i n d e r  with a w a l l  th ickness  d (outer  r a d i u s  r inner  r a d i u s  

r l ) .  
magnetic medium. Taking i n t o  account t h e  given z-component of t h e  magnetic 
f i e l d  s t r e n g t h  on t h e  o u t e r  cy l inder  s u r f a c e ,  we o b t a i n  t h e  expression f o r  t h e  
f o r c e  : 

2, 

I n  t h i s  case ,  Fcr des igna tes  t h e  f o r c e  a c t i n g  upona  volume of substance having 

2d u n i t s  of volume. 

change i n t o  a formula f o r  a s o l i d  cy l inder .  

I f  w e  set r1 = 0, r2 = p ,  i t  i s  n a t u r a l  t h a t  these  formulas 

The s tudy (Ref. 12) a l s ~  presented formulas f o r  computing t h e  f i e l d  
s t r e n g t h s ,  i f  i t  i s  assumed t h a t  the  t a n g e n t i a l  component of t h e  magnetic f i e l d  
s t r e n g t h  on t h e  inductor  s u r f a c e  i s  given. They are q u i t e  complex, and w e  s h a l l  
no t  present  them here .  

The works (Ref. 5 ,  15) presented t h e  r e s u l t s  der ived from a s m a l l  number 
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of experiments,  i n  which they measured t h e  f o r c e  a c t i n g  upon a hollow conductive 
cy l inder .  They d id  not  compare t h e  r e s u l t s  wi th  theory.  

The r e s u l t s  der ived from a s m a l l  series of measurements with respec t  t o  
t h e  f o r c e  a c t i n g  upon hollow cyl inders  w e r e  presented i n  (Ref. 4 ) ,  but  they w e r e  
compared with a t h e o r e t i c a l  formula f o r  a p lane  inductor .  

F i n a l l y ,  i f  t h e  th ickness  of t h e  cy l inder  w a l l  i s  s m a l l  as compared with 
i t s  rad ius ,  i t  i s  p o s s i b l e  t o  employ t h e  formulas f o r  a plane l a y e r  (Ref. 21) ,  
i n s t e a d  of t h e  above formulas., without e n t a i l i n g  any l a r g e  amount of e r r o r  ( see  
t h e  a r t ic le  by A.  Veze and L. Ulmanis i n  t h e  present  c o l l e c t i o n ) .  

7 .  -Hcving F i n i t e  Length i n  t h e  F i e l d  of an I 1 2 4  
I d e a l  Inductor  

The theory presented above per ta ined  t o  cases when i t  w a s  assumed t h a t  t h e  
conductive cy l inder  had an i n f i n i t e  length  -- i . e . ,  t h e  inf luence  of t h e  f i n i t e  
length  of t h e  cy l inder  w a s  disregarded.  

G.  Kh. Kirshteyn (Ref. 9 )  discovered a method f o r  solving a s i m i l a r  prob- 
l e m  f o r  a s o l i d  cy l inder  having f i n i t e  length ,  on t h e  assumption t h a t  t h e r e  i s  
no a i r  gap between t h e  cy l inder  and t h e  inductor  and t h a t  t h e  space behind t h e  
inductor  has  i n f i n i t e  magnetic permeabi l i ty .  

This method i s  a s  fol lows.  

L e t  t h e  cy l inder  have t h e  length  2R (Figure 6 ) .  L e t  us d iv ide  a l l  of t h e  
space wi th in  t h e  inductor  i n t o  t h r e e  regions:  z < -R ( region I) ; -R < z \< R 
( region 1 1 ) ;  z >, R ( reg ion  111) .  

Figure 6 

I n  each of t h e s e  regions separately,  
w e  s h a l l  t r y  t o  f i n d  t h e  magnetic f i e l d  
i n  t h e  form of t h e  sum of two f i e l d s  
H and H2, where H i s  t h e  f i e l d  of a 

hollow inductor  ( l b )  i n  t h e  regions 
I and 111, while  in region I1 i t  i s  t h e  
f i e l d  of t h e  inductor  f i l l e d  with a 
uniform, conductive substance having 

1 1 

t h e  c h a r a c t e r i s t i c s  of t h e  f i n i t e  cy- 
l i n d e r  under cons idera t ion ,  which i s  
descr ibed by expressions ( l a )  . 

Arrangement of Conductive Cylinder 
Having F i n i t e  Length i n  Inductor  

H i s  t h e  p e r t u r b a t i o n  of t h e  f i e l d  2 
H c l o s e  t o  t h e  ends of t h e  cy l inder .  It thus  fol lows t h a t  i n  t h e  case  of 

z + + a  t h e  f i e l d  H must s t r i v e  t o  zero.  

p = w outs ide  of t h e  inductor  t h a t  t h e  z-component of t h e  magnetic f i e l d  i s  
t h e  same over t h e  e n t i r e  s u r f a c e  of t h e  inductor ,  no mat te r  whether t h e r e  i s  a 
cy l inder  t h e r e  o r  no t .  A s  is  customary, i t  i s  assumed t h a t  t h i s  component 
equals  H e i (ut-az)  = A e i ( u t - a z ) .  

1 
It fol lows from t h e  condi t ion  t h a t  2 

However, s i n c e  t h i s  condi t ion  i s  f u l f i l l e d  0 0 
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by the field HlY it follows that the tangential component of H 
surface equals zero. 

on the inductor 2 

2 '  This is the boundary condition for computing H 

The following solution satisfies these requirements: 

In region I ( z  4 -a)  

in region I11 (z 3 a )  

Here 

1125 

2 
bi , ,=p?-- iopw';  b -5 R ' (28) 

where x are the roots of the Bessel function of the first kind of zero order 
(Jo(xon> = 0); R is the radius of the inductor and the cylinder;Cln,...yC4n 1126 

on 
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are t h e  i n t e g r a t i o n  cons tan ts ,  which may be determined from t h e  boundary con- 
d i t i o n s  ( f o r  t h e  t o t a l  f i e l d )  

( 2 9 )  f o r  z=I. t pH," = ~ O H p  
for' z=--I; H p = H p  t E,il E,"' 

poH,' = pH," 
H,I = H,II 
E,' = E," 

The f i r s t  and t h i r d  condi t ions  of (29) y i e l d  i d e n t i c a l  equat ions.  Thus, 
f o u r  equat ions are obtained with four  unknowns f o r  each n ,  from which t h e  con- 
s t a n t s  may be determined. 

The s tudy (Ref. 9) found t h e  expression f o r  t h e  p e r t u r b a t i o n  of t h e  f o r c e  
caused by t h e  presence of t h e  cy l inder  ends: 

Figure 7 

Dependence of A F  on k i n  t h e  Case of a = 1.5 f o r  Cer ta in  Values of w 
Here 1128 

(31)  
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AF des igna tes  t h e  d i f f e r e n c e  between t h e  t o t a l  f o r c e  ac t ing  upon a f i n i t e  
cy l inder ,  and t h e  f o r c e  a c t i n g  upon a segment having t h e  same length  of an in- 
f i n i t e l y  long cy l inder .  

I n  t h e  case of k>>0.4, t h i s  formula may be s i m p l i f i e d  a s  follows: 

Figures  7 and 8 ,  a and b ,  p resent  t h e  graphic  dependence of A F  f o r  c e r t a i n  
va lues  of w, CY and k computed according t o  formula (30). It should a l s o  be 
noted t h a t ,  f o r  a s u f f i c i e n t l y  l a r g e  va lue  of a ,  A F  may be negat ive f o r  c e r t a i n  
va lues  of k.  

- -  

A comparison of t h e  r e s u l t s  obtained with t h e  experimental  da ta  e x i s t i n g  
previously (Ref. 1 2 )  shows s a t i s f a c t o r y  agreement. 

K= 0.2 

I 

I 

0 I 1.5 

aF 

w 
Figure 8 

Dependence of AF on a f o r  Cer ta in  Values of I;: a 1 I n  t h e  case 
of w = 10;  b - I n  t h e  case  of w = 15 /127 

However, i t  must be s t a t e d  t h a t  t h i s  problem must s t i l l  be inves t iga ted  
i n  g r e a t e r  d e t a i l .  

8. 

U. A .  S a u l i t e ,  A.  E. Mikel'son e t .  a l .  have s tudied  t h e  problem of t h e  

Conductive Cylinder i n  t h e  F i e l d  of a- R e a l  Inductor ~- 

behavior of an i n f i n i t e l y  long cy l inder  i n  t h e  f i e l d  of a real  inductor ,  when 
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t h i s  inductor  approximated t h e  model which w a s  discussed i n  Chapter 2 (Ref. 16,  
1 7 ) .  I n  t h i s  formulat ion,  t h e  problem q u i t e  a c c u r a t e l y  r e f l e c t s  t h e  case i n  
which t h e  cy l inder  ends p r o j e c t  s u f f i c i e n t l y  f a r  from t h e  inductor  ends,  where 
t h e  f i e l d  of t h e  inductor  has decreased almost t o  zero.  

It w a s  shown i n  (Ref. 15) t h a t ,  i f  t h e  cy l inder  i s  length  i s  s m a l l  a s  com- 
pared with t h e  inductor  length ,  t h e  f o r c e  does not  remain cons tan t  when t h e  
c y l i n d e r  i s  d isp laced  along t h e  a x i s  of t h e  inductor .  The f o r c e  can even change 
s i g n  a t  t h e  end of i t  (Figure 9 ) .  The experiments w e r e  c a r r i e d  out  wi th  alumin- 
um cyl inders .  

A c a l c u l a t i o n  w a s  made i n  (Ref. 17)  of t h e  r a d i a l  component of t h e  magnetic 
f i e l d  s t r e n g t h  i n  a system cons is t ing  of a real  inductor  -- whose model i s  de- 
sc r ibed  i n  Chapter 2 -- and an i n f i n i t e l y  long cy l inder  placed i n  i t  (Figure 10). 
It w a s  found t h a t  H i s  expressed i n  dimensionless form as follows, with- /129 
i n  t h e  conductive cy l inder  

r 

o u t s i d e  of t h e  conductive cy l inder  i n  t h e  case of p 4 r 4 R 1130 

The n o t a t i o n  employed h e r e  coincides  with t h e  n o t a t i o n  i n  formula ( 3 ) .  I n  
a d d i t i o n  , 

-_ 

(34) 
i;=k.R; z= ) / Q 4 & 2 ;  

where P i s  t h e  r a d i u s  of t h e  conductive cy l inder .  

The repor t  i n  quest ion does n o t  present  t h e  expressions f o r  t h e  t a n g e n t i a l  
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610 

Figure 9 

Change i n  t h e  Force Acting Upon a 
Cylinder Along t h e  Inductor  Axis; (F - 
i n  newtons; x - i n  m e t e r s ,  T = 0.273 m) 

n q  n=2 n=3 

region 1 

Figure 10 

Mutual Arrangement of an Inductor  
Having F i n i t e  Length and a Conductive 
Cylinder 

component of t h e  magnetic f i e l d ,  nor t h e  expression f o r  t h e  e l e c t r i c  f i e l d  
s t r e n g t h .  The f o r c e s  a c t i n g  upon t h e  cy l inder  have s t i l l  n o t  been computed. 

9 .  Conduc_t_ive .Sphere i n  t h e  F i e l d  of _a C y l i n d r i c a l  Inductor  

A sphere,  a s  a body with t h e  g r e a t e s t  symmetry, occupies a s p e c i a l  p o s i t i o n  
among a l l  bodies having f i n i t e  dimensions. Therefore ,  i t  i s  d e f i n i t e  i n t e r e s t  
t o  determine t h e  ponderomotive f o r c e s  on both a s o l i d  and hollow sphere.  The 
author  of t h i s  a r t i c l e  attempted t o  c a l c u l a t e  t h e  f o r c e s  a c t i n g  upon a s o l i d  
sphere loca ted  i n  t h e  f i e l d  of an i d e a l ,  c y l i n d r i c a l  inductor ,  under t h e  assump- 
t i o n  t h a t  1-1 = o u t s i d e  of t h e  inductor  (Ref. 10 ,  1 1 ) .  However, i n  formal terms 
t h e  s o l u t i o n  obtained i s  n o t  s u i t a b l e  f o r  t h e  computations. 

Experiments measuring t h e  f o r c e s  a c t i n g  upon spheres  have shown t h a t  t h e  
dependence of t h e  f o r c e  change upon w [.w = ouwp2,p i s  t h e  r a d i u s  of t h e  sphere 
i f  t h e  sphere i s  s o l i d ,  and w = opwb2 (b i s  t h e  th ickness  of t h e  sphere w a l l )  
i f  t h e  sphere i s  hollow] i s  e x a c t l y  t h e  same as i n  a l l  o t h e r  cases .  For small  w - t h e  f o r c e  i s  d i r e c t l y  propor t iona l  t o  w. 
w i n c r e a s e s ,  i t  begins  t o  decrease.  

- -  

A maximum is  then reached, and when 

Figure 11, a ,  b and c ,  p r e s e n t s  t h e  r e s u l t s  der ived from measurements /132 
performed wi th  spheres  having a d i f f e r e n t  rad ius  and made of a d i f f e r e n t  m a t e r i -  
a l  -- copper, aluminum, t i n ,  and lead .  These spheres  w e r e  placed i n  an inductor  
without a magnetic c i r c u i t  ( t h e  q u a n t i t y  F/A 2p2, which i s  a dimensional quan- 

t i t y ,  i s  p l o t t e d  along t h e  o r d i n a t e  axis. However, i n  t h i s  case t h i s  i s  of no 
va lue) .  I n  t h e  case when c1 = 0.31, i t  w a s  found t h a t  t h e  o r d i n a t e s  of a l l  four  
curves w e r e  p ropor t iona l  t o  t h e  r a d i u s  of t h e  sphere.  Theregore, i f  w e  i n t r o -  

0 

duce t h e  condi t ion  F/AO2p3, they may a l l  be combined on one curve [see / I33  
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Figure 12 

Dependence of t h e  Maximum Force on r 
and 7 f o r  Sol id  Spheres. 

i s  Given i n  Newtons; A. - i n  a / m ;  
Fmax - 
p - i n  Meters; T = T / R ;  r = p / R .  

Figure 11 

Dependence of F/A02p2 on w f o r  Sol id  

Spheres Having Cer ta in  Radi i :  a - i n  

. -  . . -  

a l s o  (Ref. l l ) ] .  However, f o r  o ther  
va lues  of a ,  t h i s  d id  not  occur. This 
i n d i c a t e s  t h a t  t h e  above dependence i s  
n o t  u n i v e r s a l l y  v a l i d .  

The m a x i m u m  f o r c e  i s  of g r e a t  
importance i n  designing d i f f e r e n t  
e lectromagnet ic  c a r r i e r s .  The s tudy 
(Ref. 5) presents  a graph which makes 
i t  Dossible t o  determine t h e  va lue  of - -  I -  
~~ 

/A 2p2 from T ,  r and w, where Fmax o - 
T = T / R ,  and r = p / R  (R i s  t h e  inductor  
rad ius)  (Figure 1 2 ) .  This graph w a s  
compiled on t h e  b a s i s  of experimental  
r e s u l t s ,  and i s  incomplete i n  t h e  sense 
t h a t  i t  does not-encompass a l a r g e  
enough range of p o s s i b l e  parameter 
changes. 

The r e s u l t s  derived from measuring 
t h e  ponderomotive forces  a c t i n g  upon a 

- hollow sphere (Figure 13) - were a l s o  
F'  = F/AO2b2, 

5' = avwb2; b i s  t h e  thickness  of 
t h e  sphere wal l .  

t h e  case of 01 = 0.93; b - i n  t h e  case of presented i n  (Ref. 5 ) .  
01 = 0.62;  c - i n  t h e  case  of a = 0.31. 
The Inductor Radius i s  R = 4.0  cm;  F i s  
Given i n  Newtons; A is  Given i n  a / m ;  0 
p is  Given i n  Meters. 
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Figure 33 

Dependence of F' on w' for Certain Hollow Spheres 
We shall refrain from discussing the results in greater detail, since it 

is expected that a suitable method for computing the forces acting upon a sphere 
will be found in the very near future. 
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1135 
THEORY FOR THE PROPAGATION OF PULSED ELECTROMAGNETIC FIELDS 

IN MOVING CONDUCTIVE MEDIA 

G .  Ya. Sermons 

1. Introduction 

The necessity of developing a theory for the propagation of electromagnetic 
pulsed fields in conductive media has arisen in the last twenty years due to the 
utilization of relaxation processes in ferromagnets (Ref. 1). This also pertains 
to the necessity of studying the influence of transitional processes which occur 
in electrotransmission lines when the current is switched on or off, as well as 
in telephone and telegraph lines (Ref. 2-3). A theory for the propagation of 
electromagnetic pulsed fields has been developed intensely during the last 50-60 
years due to the use of pulsed fields for geophysical research (Ref. 4 - 2 2 ) .  The 
essence of the so-called method for establishing a current (Ref. 2 3 ) ,  which is 
used for geological exploration, consists of establishing an electric or magnetic 
field on the surface of the earth wRen a constant current is switched to a trans- 
mitting antenna. A horizontal, grounded conductor or loop is used as the trans- 
mitting antenna. In many cases, the distance from the receiving antenna to the 
transmitting antenna is large, as compared with the dimensions of the transmit- 
ting antenna. The transmitting antenna may be regarded as an electric (hori- 
zontal conductor) or magnetic (loop) dipole. 

Studies on the propagation of an electromagnetic field impulse in conductive 
media may be reduced to investigating the formation of the field of an electric 
or magnetic dipole which is located in a conductive medium (Ref. 2, 6), in a 
uniform conductive half-space (Ref. 4 ,  13, 20, 21), or in a non-uniform, strat- 
ified medium (Ref. 7-17). 

It was found long ago that electromagnetic pulsed fields may be used to 
develop new methods of measuring the flow rates of an electroconductive liquid 
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(Ref. 24-26). I n  t h e s e  methods, pulsed c u r r e n t s  are induced i n  a moving, con- 
duc t ive  l i q u i d  by switching on t h e  cur ren t  i n  t h e  primary c o i l .  The flow 1136 
rate of t h i s  l i q u i d  may b e  determined by changes i n  t h e  t i m e  i n t e r v a l s  of t h e  
m a x i m u m  s h i f t  (Ref. 24) o r  t h e  electromotive f o r c e  passing through zero (Ref. 
25) i n  t h e  rece iv ing  c o i l .  This i s  caused by t h e  f a c t  t h a t  the  conductive 
l i q u i d  removes t h e  pulsed c u r r e n t s .  Research on t h e  propagation of e l e c t r o -  
magnetic pulsed f i e l d s  i n  moving, conductive media w a s  c a r r i e d  out  due t o  t h e  
n e c e s s i t y  of making an exact  determination of t h e  dependence between t h e  
measured i n t e r v a l s  and t h e  v e l o c i t y  of t h e  l i q u i d  (Ref. 27-29). 

The review by V. V. Novikov (Ref. 22) p r e s e n t s  an ex tens ive  bibl iography 
and a survey of research  on t h e  propagation of pulsed s i g n a l s  i n  conductive 
media and above t h e  e a r t h ' s  s u r f a c e  when t h e r e  i s  no motion. I n  t h i s  a r t i c l e ,  
w e  s h a l l  confine ourse lves  t o  examining t h e  methods and r e s u l t s  given i n  these  
a r t i c l e s ,  which may be d i r e c t l y  appl ied f o r  s tudying t h e  propagation of pulsed 
f i e l d s  i n  moving, e lec t roconduct ive  media. W e  s h a l l  n o t  d e a l  with t h e  problem 
of considering t h e  displacement c u r r e n t s ,  s i n c e  they do n o t  play a s i g n i f i c a n t  
r o l e  i n  t h i s  formulat ion.  Thus, t h e  phenomena which w e  s h a l l  i n v e s t i g a t e  are 
l i m i t e d  t o  problems which inc lude  d i f f e r e n t  s o l u t i o n s  of t h e  Maxwell equations 
f o r  moving media (Ref. 27) 

d H .  rot E =  -po- d t  ' 

rot H=aE+ayo[vH], div H=O. 

W e  previously disregarded t h e  magnetic p r o p e r t i e s  of 

h/m). Introducing t h e  electromagnet ic  p o t e n t i a l s  

w e  obtain 

dA 
rotAandE=gradq- x, 1 H=- 

k 

dA 
V*A-UP~(VVA)  =aCIo dt 

-7 t h e  medium (po =   IT 10 

and 

1 
=lJu 

cp=- div A-vA. 

2. Propagation of Pulsed Electromagnet-ic- F i e l d s  i n  Conductiye--Media 

The i n v e s t i g a t i o n  of t h e  propagation of an electromagnet ic  f i e l d  impulse 
I 

i n  conductive media i s  considerably s impl i f ied  when t h e  medium i s  not  i n  motion. 
I n  a few of t h e  s imples t  cases ( t h e  medium moves l i k e  one e n t i r e  body, t h e r e  i s  
only one component of t h e  v e c t o r  p o t e n t i a l )  t h e r e  i s  no n e c e s s i t y  of r e s o r t i n g  
t o  t h e  s o l u t i o n  of equat ions f o r  moving media (2) .  W e  may thus confine /137 
ourselves  t o  employing t h e  Gal i lean  t ransformation (Ref. 28 ,  29) . I n  t h i s  
connection, i t  i s  p e r t i n e n t  t o  i n v e s t i g a t e  t h e  most c h a r a c t e r i s t i c  methods and 
r e s u l t s  of solving t h e  problem when t h e r e  i s  no motion -- i . e . ,  t h e  group of 
problems which include d i f f e r e n t  s o l u t i o n s  of t h e  equat ions 
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1 cp=-divA 
Q PO 

(3 )  

with t h e  corresponding boundary condi t ions.  

L e t  us  begin by examining t h e  s i m p l e s t  case ,  when an e l e c t r i c  d i p o l e  having 
t h e  length  dS is  placed i n  a medium with uniform conduct iv i ty  o .  The cur ren t  
passing through i t  has  t h e  form of a s i n g l e  i n c l u s i o n  func t ion  

where 
0, t<O; 

-is t h e  u n i t  s t e p  f u n c t i o n  o f  tiiie. 
( 4 )  

The s o l u t i o n  of t h i s  problem has been obtained by Ollendorf (Ref. 2, 3) by 
means of an o p e r a t i o n a l  method, on t h e  b a s i s  of t h e  w e l l  known r e l a t i o n s h i p  of 
t h e  Hertz v e c t o r  (Ref. 2)  f o r  a d i p o l e  suppl ied by an a l t e r n a t i n g  cur ren t  

It i s  known from t h e  theory of t h e  Laplace t ransformation (Ref. 30) t h a t ,  by 
applying t h e  opera tor  L - l  t o  t h e  constant  9, w e  o b t a i n  

Consequently, s u b s t i t u t i n g  p =  i w  i n  (5) and applying t h e  opera tor  L t o  t h e  
expression (5) ,  w i t h  allowance f o r  t h e  w e l l  known r e l a t i o n s h i p  (Ref. 30), w e  
o b t a i n  t h e  expression f o r  t h e  Hertz p o t e n t i a l  

where 

For a d i p o l e  d i r e c t e d  along t h e  2 axis, t h e  r e l a t i o n s h i p  between t h e  
s i n g l e  component of t h e  v e c t o r  p o t e n t i a l  A 

1138 
and t h e  Hertz p o t e n t i a l  has  t h e  

Z 

following f o m  
& = u p o n  

and t h e  e lectr ic  f i e l d  components may be expressed by means of t h e  Hertz poten- 
t i a l  as 
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a2n a*n a - b d T *  

P o t e n t i a l  I1 s a t i s f i e s  t h e  equat ion 

For an i n f i n i t e l y  long conductor d i r e c t e d  along t h e  2 axis (Ref. 2 ) ,  0 = 0 and 

where r = - ) l p * _ t ~ z  
5 .  i s  t h e  d i s t a n c e  from t h e  observat ion p o i n t  t o  t h e  d ipole .  I n  t h i s  case, 
only one component of t h e  e l e c t r i c  f i e l d  remains 

; p is  t h e  d i s t a n c e  from t h e  observa t ion  poin t  up t o  t h e  a x i s ;  

on E .  - np2o Figure 1 p r e s e n t s  t h e  dependence of EL=- 
9 

A. N .  Tikhonov (Ref. 4 )  f i r s t  obtained t h e  most complete s o l u t i o n  of t h e  
problem f o r  t h e  same dipole  placed on t h e  s u r f a c e  of a uniform, conductive h a l f -  
space. A. N .  Tikhonov and 0. A .  Skugarevskayaalso solved t h e  problem f o r  t h e  
d ipole  placed i n  a non-uniform, s t r a t i f i e d  medium (Ref. 7-12, 15-17). The 
s o l u t i o n  of a l l  t h e s e  problems i s  based on t h e  s o l u t i o n  of t h e  thermal con- 
d u c t i v i t y  equat ion f o r  t h e  second and t h i r d  boundary va lue  problems. The 
i n i t i a l  equat ions with p a r t i a l  separa t ion  of t h e  v a r i a b l e s  are reduced t o  t h e  
one-dimensional case. The use of t h e  two methods -- t h e  r e f l e c t i o n  and 1139 
t h e  Fourier  method -- yie lded  t h e  dependence of t h e  electromagnet ic  f i e l d  over 
a wide range of changes i n  time t .  

W e  s h a l l  t r y  t o  present  t h e  main r e s u l t s  of t h e s e  s t u d i e s .  L e t  us f i r s t  
examine t h e  case when an e l e c t r i c  d i p o l e ,  which i s  placed a t  t h e  o r i g i n ,  i s  
d i r e c t e d  along t h e  Y axis and i s  loca ted  a t  t h e  boundary z = 0 of a uniform, 
conduct ivi ty  half-space.  J u s t  a s  previously,  t h e  cur ren t  changes accord- 
i n g  t o  t h e  u n i t  s t e p f u n c t i o n  ( 4 ) ,  which l e a d s  t o  zero  i n i t i a l  condi t ions.  
o r i e n t a t i o n  of t h e  d i p o l e  makes i t  p o s s i b l e  t o  se t  Ax = 0 ,  and t h e  boundary 

condi t ions f o r  t h e  remaining components of t h e  v e c t o r  p o t e n t i a l  and t h e  scalar 
p o t e n t i a l  may be reduced t o  t h e  following equat ions of cont inui ty :  

This 
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Figure 1 

Curve Show,ing t h e  Establishment of an Elec t r ic  F ie ld  of an 
I n f i n i t e l y  Long Conductor i n  a Conductive Medium 

0, a r e  t h e  p o t e n t i a l s  f o r  t h e  region z>O and LS # 0 ,  and AII, GI1 a r e  1' where A 

t h e  p o t e n t i a l s  f o r  z<O and LS = 0. I n  a d d i t i o n  t o  t h e  boundary condi t ions (13) ,  
t h e  v e c t o r  p o t e n t i a l  must s a t i s f y  t h e  condi t ion  of being l i m i t e d  a t  i n f i n i t y ,  
and must have a s i n g u l a r i t y  of order  5 a t  t h e  o r i g i n  (Ref. 31).  

. 4nr 
W e  s h a l l  t r y  t o  f i n d  t h e  s o l u t i o n  of t h e  problem which has been 1140 

pos i ted  by t h e  method of s e p a r a t i o n  of v a r i a b l e s .  W e  s h a l l  assume t h e  following 

and 

where r = d w .  
s a t i s f y  t h e  equat ion 

It may b e  r e a d i l y  seen t h a t  t h e  func t ions  Y and Z 

I n  view of t h e  w e l l  known r e l a t i o n s h i p  (Ref. 31) 
m 

i t  i s  c l e a r  t h a t ,  i n  order  t h a t  t h e  vec tor  p o t e n t i a l  have t h e  r e q u i s i t e  singu- 
l a r i t y  a t  t h e  o r i g i n ,  t h e  following condi t ion  must be f u l f i l l e d  

125 
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I n  view of t h e  f a c t  t h a t  YII s a t i s f i e s  t h e  following equat ion i n  t h e  case of 

z<o 

whose s o l u t i o n  i s  given by t h e  following func t ion  

yIr (z ,  a, t )  = u (1. f) eh,  
w e  f i n d  t h a t  

Consequently, i n  order  t h a t  t h e  f i r s t  and second condi t ions  of (17) be s a t i s f i e d ,  
i t  i s  necessary t h a t  

Y, Ir=o = u (A, f) * (18) 

Thus, t h i s  problem may be reduced t o  t h e  one-dimensional case of t h e  /141 
t h i r d  boundary v a l u e  problem f o r  an equation of t h e  parabol ic  type.  A s  is  
known (Ref. 32) ,  t h e  s o l u t i o n  of t h e  l a t te r  problem has  t h e  following form 

With allowance f o r  (14) ,  t h e  following expression i s  obtained f o r  A 
Y 

The boundary condi t ions  f o r  t h e  component A 

(13) o r  

a r e  obtained from d i v  A 
Z I1 = 0 and 

126 



and 

A,, lr=O=AzII I t a  
With allowance for (15), expressions (22) lead to the following equation 

and the following boundary conditions 

In order to find AZy following the procedure given by A .  N. Tikhonov (Ref. 4), 
let us determine the magnitude of the scalar potential as follows: 

1142 
1 T= -divA =-.- 
=Po 4xa dy 

0 

where 

It is apparent that S satisfies equation (16), the initial zero condition, and 
the following boundary condition 

Employing the well known solution of the first boundary value problem for an 
equation of the parabolic type (Ref. 31), we obtain 

Taking into account the following relationship (Ref. 35) 
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w e  f i n d  t h a t  

Omitting t h e  very  cumbersome c a l c u l a t i o n s  (Ref. 4 ) ,  w e  s h a l l  on ly  present  c e r t a i n  
r e s u l t s  which w i l l  be  of i n t e r e s t  t o  u s  i n  t h e  f u t u r e .  

The e lec t r ic  d i p o l e  f i e l d  on t h e  su r face  of t h e  half-space ( z  = 0) i s  
determined by t h e  fol lowing expression:  

where /143 

where y i s  t h e  u n i t  v e c t o r  d i r e c t e d  along t h e  Y axis. 

I f  t h e  source of t h e  f i e l d  i s  no t  a d ipo le ,  bu t  any l i n e  L which connects  
t h e  po in t s  A and B ,  then  t h e  e l e c t r i c  f i e l d  of t h e  l i n e  L i s  determined by t h e  
i n t e g r a l  

E =  I E , ( x ,  Y, 0, t;  5, q)ds= 
L 

where 

i s  t h e  e lec t r ic  f i e l d  of t h e  d ipo le  loca ted  a t  a po in t  wi th  t h e  coord ina tes  
5 ,  ~ ( z  = 0) i n  t h e  s -d i rec t ion .  

When t h e  conductor i s  loca ted  on t h e  Y a x i s  and i s  i n f i n i t e l y  long,  a 
s imple formula may be  obtained from (31) f o r  a s i n g l e  component of t h e  e l e c t r i c  
f i e l d  

and t h e  scalar p o t e n t i a l  i s  @ = 0. 
d i r ec t ed  along t h e  Y axis i s  loca ted  a t  t h e  o r i g i n  on t h e  su r face  of a con- 
duc t ive  l a y e r  having t h e  th ickness  R .  

con t inu i ty  condi t ions  must be s a t i s f i e d  i n  t h e  case of z = R ,  i n  add i t ion  t o  
t h e  boundary condi t ions  (13) ,  i . e . ,  

W e  s h a l l  assume t h a t  t h e  e lec t r ic  d ipo le  

Assuming t h a t  A = 0 ,  w e  f i n d  t h a t  t h e  
X 
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are t h e  p o t e n t i a l s  f o r  0 ,< z ,< R and AIII, a r e  t h e  p o t e n t i a l s  
+I1 where AII, 

f o r  z 3 R .  

Thus, a s  fol lows from (19) , t h e  inf luence  of t h e  region z<O may be replaced 
by t h e  boundary condi t ion 

- d Z L  dY -AYl Ir=o = - 2 h .  ( 3 4 )  

Taking ( 3 3 )  i n t o  account,  w e  r e a d i l y  f i n d  t h a t  t h e  inf luence  of t h e  /144 
region z >/ R may be replaced by t h e  condi t ion  

I n  a s i m i l a r  way, w e  have 

and 

It i s  c l e a r  from condi t ions  ( 3 4 )  - ( 3 7 )  t h a t  t h e  s o l u t i o n  f o r  a s t r a t i f i e d  
medium may be reduced t o  t h e  s o l u t i o n  of t h e  t h i r d  boundary value problem of a 
one-dimensional equat ion of t h e  parabol ic  type (16) with t h e  boundary condi t ions  
( 3 4 )  - ( 3 7 ) .  The s o l u t i o n  of t h i s  problem w a s  provided by A.  N .  Tikhonov and 
0. A .  Skugarevskaya (Ref. 8-10), who employed two methods which yielded t h e  
va lue  of t h e  e l e c t r i c  f i e l d  over a w i d e  range of t i m e  changes. W e  s h a l l  no t  
go in.to a d e t a i l e d  examination of t h e  c a l c u l a t i o n s  f o r  solving t h i s  problem. 
W e  s h a l l  only t r y  t o  i l l u s t r a t e  by means of i n d i v i d u a l  examples t h e  genera l  
p a t t e r n  of t h e  methods employed by A .  N .  Tikhonov and O.A. Skugarevskaya, which 
provided a comprehensive r e p r e s e n t a t i o n  of f i e l d  propagation i n  s t r a t i f i e d  media. 

I n  order  t o  obta in  t h e  s o l u t i o n  f o r  t h e  i n i t i a l  s t a g e  during which t h e  
f i e l d  i s  e s t a b l i s h e d ,  i t  i s  advantageous t o  employ t h e  r e f l e c t i o n  method (Ref. 
8 ) .  A s  w a s  shown by A.  N .  Tikhonov (Ref. 8) ( f o r  v a r i a b l e  T = t.), i n  order  

t o  obta in  t h e  s o l u t i o n  of t h e  equat ion 
OW0 

dY h2 Y = upo- d2 Y 
dz2- d t  

with and i n i t i a l  zero condi t ion  and t h e  boundary condi t ions  ( 3 4 )  - ( 3 7 ) ,  t h e  
func t ion  Y may be represented i n  t h e  form of a series f o r  s m a l l  va lues  of T 

03 

y (2, A, 7 )  = [Y*n (2nI+z ,  A, z) - Y2n+ I (2  (n+ 1) I - G h ,  z)l= ( 3 9 )  
n=O 
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0 

= YO (2, A, 7) + C E~2(~+1) (2 (n+ 1) I+z, A, 5 )  7 yZn+l(2 (n+ 1) I - -  

-2, A. 41 = Yo (2, A, T) - Y1(2 I-.?, a, T) + Y, (2 I +z, A, r) - . . , 
(39)  -0 

A l l  t h e  func t ions  included i n  t h e  r i g h t  p a r t  of e q u a l i t y  (39) a r e  deter-  1145 
mined s o  t h a t  they s a t i s f y  t h e  boundary condi t ions (34) - (37) as follows: 

and 

and 

A l l  t h e  func t ions  Y may be completely determined with these  condi t ions.  

The func t ion  Y may be found from t h e  s o l u t i o n  f o r  a semi-limited l i n e .  The 
m 

0 
remaining func t ions  may be found by means of t h e  opera tor  

Qo 

~ k ( p ) = J  e)-(z-c)rp (5) dg 
z 

s o  t h a t  

Y, (2, A, Z) = 2  a( - 1 +2 a L ~ ) ~ I - A  L ~ )  uo. 

(43) 

(44) 

v i s  determined by means of a fundamental s o l u t i o n  of t h e  thermal conduct ivi ty  

equat ion,  i . e . ,  
0 

00=2 G ( z , h , t ) d t =  i 0 

A2(r-f)] df. 

A s  w a s  shown by A. N.  Tikhonov (Ref. 8 ) ,  t h e  convergence of 
determined by t h e  condi t ion  

(45) 

t h e  series (39) is 

(46) (2Klp I Y2n (2n l+z ,  t )  - Y2n+1(2(n+ 1) 1-2, t )  j < 9" c e- T .  

A s  may be seen d i r e c t l y  from (46) ,  t h e  series converges p a r t i c u l a r l y  rap id ly  
f o r  small  t. For t h e  i n i t i a l  s t a g e ,  i t  is  absolu te ly  permissible  t o  confine 
oneself  t o  t h e  f i r s t  t h r e e  terms of series (39) ,  whose values  expressed by 
means of t h e  opera tor  L a r e  a s  follows: A 
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Following the procedure of A. N. Tikhonov, in order to determine the 
function S (26) let us introduce the auxiliary function W (2, A, T), so that 

I146 

According to conditions (36) (37), we find that W (z, A, T) satisfies the same 
equation as Y, with initial zero conditions and with the following conditions 

W(O,?", r) =o; W ( f ,  a, z) = Y ( f ,  I., r). (49) 

We are interested in the magnitude of the electric field on the surface of a 
layer, and consequently the quantity we desire is 

(50) 

According to condition (27), the first component represents the value of S for 
R = m (in the case of half-space), and the second represents the correction for 
the finiteness of the conductive layer thickness. Thus, the computation of S 
may be reduced to calculating the function W. Representing it in the form 
of series 

00 

(51) W ( z ,  r) C [ ~ 2 n  (2, a, r) - w;n+I (2, A, z)], 
m 

according to conditions ( 4 8 )  we find that 

are solutions of equation (38) '2n and '2n+1 Consequently, the functions 
with the conditions (34) - (37). It is apparent that they equal 

00 

W*n(z , I . , r )=C (Y,,[2(n+k+l)l-~,h,7]- 
&Eo 

-Y2n[2(tr+R+ 1 )  +z, h, 71) 

and I147 

(53) 
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As t h e  f i r s t  approximation, w e  may take  

and 

For t h e  des i red  func t ion  S,  w e  o b t a i n  

( 5 4 )  

(55) 

Thus, t h e  approximate va lue  of S i n  t h e  case of z = 0 may b e  expressed  by 

1' means of Y and Y 0 

The s tudy (Ref. 9) p r e s e n t s  d e t a i l e d  computations of t h e  func t ions  

which are employed t o  express  t h e  dependence of t h e  e l e c t r i c  f i e l d  i n  which w e  
are i n t e r e s t e d .  I n  view of t h e  cumbersome n a t u r e  of t h e  f i n a l  formulas,  w e  
s h a l l  not  present  t h e  end r e s u l t s  here ,  which have no s p e c i a l  i n t e r e s t  f o r  our 
purposes. W e  s h a l l  next  i n v e s t i g a t e  t h e  s o l u t i o n  of t h e  problem f o r  t h e  f i n a l  
s t a g e  during which t h e  f i e l d  i s  e s t a b l i s h e d ,  which was given i n  (Ref. 10). 

I n  order  t o  f i n d  t h e  func t ion  Y ( z ,  X, t )  of our preceding problem i n  a 
form which i s  s u i t a b l e  f o r  t h e  i n v e s t i g a t i o n  i n  case of l a r g e  t ,  i t  may be 
conveniently represented i n  t h e  following form 

Y @ , A ,  t )  = Y(O)  (z ,  A)  +7@, a, t ) ,  (57) 

where Y ( O )  i s  t h e  s t a t i o n a r y  s o l u t i o n ,  and ? i s  t h e  devia t ion  from t h e  s ta t ionary  
s o l u t i o n .  I n  order  t o  determine t h e s e  func t ions ,  according t o  (34) - (38) w e  
have t h e  following condi t ion 

and 

B(z, A, 0) = - Y ( 0 )  (2, A ) .  

132 



It i s  apparent t h a t  

Assuming 

w e  f i n d  t h a t  

and 

where 

z=o; 

Tn Ce-bT,  

t 
alLo 

)Ln = kn2+ A2, z= -. 
The g e n e r a l  s o l u t i o n  of equat ion (60) i s  

Yn=C1 COS k,z+C2 sin knz. 
W e  f i n d  t h e  following from t h e  boundary condi t ions (61) 

Separat ing t h e  r i g h t  and l e f t  p a r t  of t h e  l a t te r  e q u a l i t y  €or  n = 0 i n  powers 
of X and r e t a i n i n g  terms up t o  t h e  t h i r d  o r d e r ,  w e  ob ta in  

2 1 '  2 
I 3 45 

kIp(A) =--A - -1.2+ - fA3. 

The func t ion  7 may be represented i n  t h e  following form /149 

The c o e f f i c i e n t s  C are determined as Four ie r  c o e f f i c i e n t s  of t h e  i n i t i a l  func- 

t i o n  ~ ( ' 1 :  
n 
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Taking i n t o  account t h e  va lues  of Y(O) and Yn,  w e  r e a d i l y  f i n d  t h a t  
I 

With allowance f o r  t h e  expansion of (62) w e  ob ta in  
I 

Consequently, 

and w e  ob ta in  t h e  asymptotic formula 

of 
which may be appl ied t o  t h e  case/small  va lues  of A ,  which w e  s h a l l  be i n t e r e s t e d  
i n  later on. 
c a l c u l a t e  t h e  d e r i v a t i v e  

I n  order  t o  i l l u s t r a t e  t h e  use of t h e  formula obtained,  l e t  us  
i n  t h e  case of z = 0:  /150 

aAY 
a t  

Jo(hr)  f(O,.h, f ) d h =  
0 

(69) 

The presence of t h e  exponent ia l  f a c t o r  exp (- 3 AT) l eads  t o  t h e  f a c t  t h a t  t h e  

va lue  of t h e  i n t e g r a l  f o r  l a r g e  t i s  determined by t h e  va lue  of t h e  integrand 
f o r  s m a l l  A ,  which s u b s t a n t i a t e s  t h e  use of asymptotic formula (68) .  
ing t h e  f a c t o r  J (Ar)exp (- AT;) under t h e  i n t e g r a l  s i g n  i n  series with 

respec t  t o  h and confining ourselves  t o  t h r e e  terms of t h e  expansion w e  ob ta in  

Decompos- 

0 
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s i n c e  

and 

m 

The func t ion  W may be determined a s  t h e  s o l u t i o n  of t h e  boundary va lue  /151 
problem 

which l e a d s  t o  t h e  asymptotrc formula (Ref. 10) 

W e  s h a l l  n o t  cont inue t h e  c a l c u l a t i o n  f o r  t h e  e l e c t r i c  f i e l d  components 
on t h e  s u r f a c e  of a conductive l a y e r ,  and w e  s h a l l  thus  conclude t h e  examination 
of t h e  methods developed by A .  N .  Tikhonov and 0. A .  Skugarevskaya. These 
methods w e r e  employed t o  o b t a i n  t h e  r e l a t i o n s h i p  f o r  t h e  i n i t i a l  and f inal .  s t a g e  
during which t h e  f i e l d  w a s  e s t a b l i s h e d  i n  a conductive l a y e r  ly ing  on an i d e a l l y  
conducting base (Ref. 11-12)> as w e l l  as t o  determine t h e  process  during which 
t h e  f i e l d  i s  e s t a b l i s h e d  i n  a three-layered medium (Ref. 15) .  Figure 2 presents  
curves showing t h e  dependence of ,i+ a& on t = L#L!L  taken from (Ref. 

7 ) ,  which w e r e  computed according t o  formulas f o r  t h e  e lectr ic  f i e l d  of a d i p o l e  
ly ing  on t h e  s u r f a c e  of a conductive l a y e r .  
- f o r  t h e  i n i t i a l  s t a g e  w e r e  performed f o r  E < 0.5, and f o r  t h e  f i n a l  s t a g e  -- f o r  
t 3 0.1. 
half-space.  A s  may be seen from t h e  curves,  t h e  presence of a l imi ted  l a y e r  
l e a d s  t o  an i n c r e a s e  i n  t h e  f i e l d  amplitude. 

- 

3 d y  0ll0r2 

Calcu la t ions  according t o  formulas 

The dashed curve p r e s e n t s  t h e  r e s u l t s  der ived from c a l c u l a t i o n s  f o r  

This may be explained by r e f l e c t i o n  
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of t h e  f i e l d  from t h e  l a y e r  s u r f a c e .  

We may obta in  t h e  e l e c t r i c  f i e l d  of an i n f i n i t e l y  long conductor, loca ted  
on t h e  Y axis, which i s  given by t h e  s implest  formulas,  i n  t h e  case of a con- 
duc t ive  medium and half-space by i n t e g r a t i o n  of t h e  expressions obtained f o r  
t h e  d i p o l e  d i r e c t e d  along t h e  Y axis. 
expressions,  i t  is  not  always advantageous t o  s o l v e  t h e  problem f o r  t h e  d ipole ,  
and then t o  i n t e g r a t e  over an i n f i n i t e l y  long conductor. 
one component of t h e  v e c t o r  p o t e n t i a l  A 

Y 
depend on t h e  two coord ina tes  x and y ,  w e  may regard t h e  problem as a two-dim- 
ens iona l  problem. I n  v i e w  of t h i s  f a c t ,  t h e  s c a l a r  p o t e n t i a l  and t h e  component 
AZ of t h e  vec tor  p o t e n t i a l  vanish.  The component A which may b e  de te r -  /152 
mined by expression ( 1 4 ) ,  may be determined by t h e  following t ransformation,  as 

I n  view of t h e  complexity of t h e  d ipole  

Since w e  have only 
i n  t h e  l a s t  case and s i n c e  a l l  q u a n t i t i e s  

Y 

Figure 2 

The problem of determining A may be 

reduced t o  applying t h e  methods which 
w e  i n v e s t i g a t e d  above f o r  determining 
t h e  func t ion  Y .  

Y 

The methods developed by A. N .  
Tikhonov and 0.  A. Skugarevskaya, which 
are based on an a n a l y s i s  of t h e  s o l u t i o n  
of t h e  thermal conduct ivi ty  equation 
and which are r a t h e r  complex i n  n a t u r e ,  
make it p o s s i b l e  t o  analyze t h e  s o l u t i o n  
g r a p h i c a l l y  over a wide range of changes 
i n  t i m e .  I n  order  t o  examine similar 
problems, o t h e r  authors  have employed 
an o p e r a t i o n a l  method (Ref. 1-2,  5 ,  6 ,  
13, 1 4 ,  18-21, 27-29).  A s  w e  s h a l l  sub- 
sequent ly  s e e ,  t h e  opera t iona l  method 
may be v i s u a l i z e d  more c l e a r l y ,  as com- 
pared with t h e  methods of A. N .  Tikhonov. 
D i f f i c u l t y  i s  e n t a i l e d  here  when w e  de- 
termine t h e  i n v e r s e  transform and ana- 
lyze  t h e  s o l u t i o n .  D. N .  Chetayev (Ref. 
13) has  provided a graphic  a p p l i c a t i o n  
of t h e  Laplace t ransformation f o r  solv- 

1153 ing t h e  problem regarding t h e  
establ ishment  of t h e  f i e l d  i n  s t r a t i f i e d  

i s  t h e  Layer Thickness; r - is  media, when t h e  conduct ivi ty  of t h e  two 
l a y e r s  d i f f e r s  only s l i g h t l y .  

Curves Showing t h e  Establishment of t h e  
Elec t r ic  Dipole F i e l d  on a Conductive 
Layer Surface f o r  Di f fe ren t  = 

where R 
t h e  Distance from t h e  Dipole Along t h e  
X Axis. 

i? 

L e t  us now i n v e s t i g a t e  t h e  propaga- 
t i o n  of e lectromagnet ic  pulsed f i e l d s  
i n  moving media, where t h e  opera t iona l  
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method will be illustrated at the same time. 

3. Propagation of Pu.ls.ed Electromagnetic- Fields in Movinq 
Electroconductive Media 

Let us begin the examination of the propagation of pulsed electromagnetic 
fields in moving media with the problem in which the source of the field is an 
electric dipole located at the origin. 
satisfies the following equation (Ref. 29) 

The vector potential of this dipole 

(74) dA 
d t  ~ z A - ~ p o ( v ~ ) A - u p ~ - =  -pojo 

and the initial condition 

Ab=o=O, (75) 
where 
tion. 

jo = Qdrh(r) and 6(r) = 6(x)6(y)b(z) is the three-dimensional delta-func- 

In order to simplify subsequent computations, we shall assume that the 
medium moves in the direction of the X axis. 
assume that v = v, v = v = 0, Ax = AZ = 0 and A satisfy the following 
equation 

In this case, it is natural to 

X Y Z  Y 

(76) ~*A, -apov  --9- dA apo3-- d AY = - poPdy6 ( r )  . ax 

Applying the Laplace transformation 

to equation (76), with allowance for the initial conditions (75), we obtain 

by The solution of equation (78) may be writtenlmeans of the Green's function for 
a point source (Ref. 34): 

eikr 

'v=* JdkS r d k Y  [&2+ i&~upov + ubLoP dkv 
(79) 

-m -m -m ( 2 4  P 

1154 2 2  where kr = k x+k y+k z and k2 = k +k +kz2. The inverse transform of 
X Y Z  X Y  

the integrand may be conveniently written, by applying the multiplication 
theorem for the Laplace transformation (Ref. 30): 

0 0 w t r .  

A,= E : $ / d k x / d k y / d k z J  e-Gcos k, (x-vs)  x 
0 0 0 0 

X COS k,y cos k,rdz. 
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I n t e g r a t i n g  over kx, k and k Z ,  w e  ob ta in  t h e  following expression 
Y 

t 

which, as may be r e a d i l y  seen,  may be reduced t o  t h e  expression f o r  t h e  Hertz 
p o t e n t i a l  (7 )  i n  t h e  case of v = 0,  with allowance f o r  (8). 

The same r e s u l t  i s  obtained f o r  t h e  case when t h e  d i p o l e  i s  d i r e c t e d  along 
2, and t h e  motion t a k e s  p l a c e  i n  t h e  X d i r e c t i o n ,  j u s t  as previous ly . .For  a 
d i p o l e  d i r e c t e d  along X ( i . e . ,  i n  t h e  d i r e c t i o n  of motion of t h e  medium) we have 

The s c a l a r  p o t e n t i a l  may be determined by t h e  following r e l a t i o n s h i p  

1 
=PO 

cp=-divA-v;A,. 

I n  order  t o  f i n d  t h e  f i e l d  of an a r b i t r a r y  c i r c u i t  o r  conductor, w e  must i n t e -  
g r a t e  t h e  d ipole  p o t e n t i a l  over t h i s  c i r c u i t  o r  conductor,  assuming beforehand 
t h a t  i t  i s  formed of elementary d ipoles ,  whose vec tor  p o t e n t i a l  i s  determined 
by formulas (81) and ( 8 2 ) .  

By way of an example, l e t  us c a l c u l a t e  t h e  e lectr ic  f i e l d  of a c i r c u l a r  
c i r c u i t  i n  t h e  p lane  ( Y ,  Z )  wi th  t h e  center  a t  t h e  o r i g i n .  The v e c t o r  p o t e n t i a l  
of t h e  d ipole  loca ted  i n  t h e  plane (Y,  Z),  with t h e  coordinates  q, s and t h e  
length  as, has t h e  following form: 

Introducing t h e  c y l i n d r i c a l  coordinates  /155 

y=r  cos I), z=r sin I), 
q = a  cos a, 5=a sin a, 

ds = ada, 

w e  obta in  t h e  expression f o r  t h e  s i n g l e  component A 

of t h e  c i r c u l a r  c i r c u i t :  

of t h e  vec tor  p o t e n t i a l  + 

n 

X/exp{ :F arcos(a-$)  

-aI 
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I n  t h e  case of c y l i n d r i c a l  symmetry, w e  may set IJJ = 0 and, employing t h e  i n t e g r a l  
r e p r e s e n t a t i o n  f o r  t h e  Bessel func t ion  of a purely imaginary arguement (Ref. 31), 
w e  o b t a i n  

1 

The scalar p o t e n t i a l  9 = 0 ,  and t h e  following expression i s  obtained f o r  t h e  
e lectr ic  f i e l d  

The electromotive force ,  d i r e c t e d  i n  t h e  c i r c u l a r  c i r c u i t  of r a d i u s  r which 
i s  loca ted  a t  t h e  d i s t a n c e  x from t h e  f i r s t  c i r c u i t ,  may be expressed by t h e  

i n t e g r a l  2n 

(88) 
(€ = j  E,rdq = ZnrE, . 

0 

Consequently , w e  have 

where 

are dimensionless v a r i a b l e s .  The l a t t e r  r e s u l t s  i n  t h e  case  of r = a coincide 
wi th  those  obtained i n  (Ref. 27). 

i n g  
con 

L e t  us present  s t i l l  another  method f o r  solving t h e  problem f o r  mov- /156 

. f ine  ourse lves  t o  employing t h e  Gal i lean  t ransformation (Ref. 28, 29). This 
media when a s o l u t i o n  of equat ion (2 )  i s  not  requi red ,  and when w e  may 

method i s  sometimes s impler ,  a s  compared with t h e  s o l u t i o n  of t h e  problem with 
an equat ion f o r  moving media (Ref. 27). I n  order  t o  examine t h i s  method, l e t  
us in t roduce  t h e  four-dimensional p o t e n t i a l  @ with t h e  components (Ref. 33) 

I 
@I=&, @ z = A y ,  (&=Ar, @,= Tv. (90) 

and t h e  four-dimensional r a d i u s  v e c t o r  x with  t h e  components 

XI‘%, xz=y. .v3=z, x4=ict. (91) 

When changing from an inmobile system of re ference  t o  a system which moves i n  
t h e  x d i r e c t i o n  with t h e  v e l o c i t y  v with respect t o  t h e  f i r s t ,  according t o  t h e  
theory of r e l a t i v i t y ,  t h e  four-dimensional p o t e n t i a l  and t h e  coord ina tes  may 
s a t i s f y  t h e  Lorentz t ransformat ion  
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and 

.. ZI 
X4- l -  XI 

C 

Examining t h e  case of slowly moving media and d is regard ing  terms containing 
R/c*, l e t  us t u r n  t o  t h e  Gal i lean  t ransformation 

A’%=&, A’U=Au, A‘,=A,, (94) 

x’=.y--Uf; y’=y; z’=z; f ‘ = f .  (95) 

(P‘=(P - vA, 
and 1157 

Employing t h e  t ransformation formulas obtained f o r  e lectromagnet ic  p o t e n t i a l s ,  
we may r e a d i l y  o b t a i n  t h e  s o l u t i o n  f o r  moving media. 
f i r s t  so lve  t h e  problem i n  a coordinate  system moving toge ther  with t h e  con- 
duc t ive  medium, by transforming t h e  p o t e n t i a l  and t h e  coordinates  of t h e  im- 
mobile source of t h e  f i e l d  according t o  (94) (95).  Employing t h e  inverse  t rans-  
formation, w e  may then change t o  an immobile coordinate  system. 

For t h i s  purpose, w e  must 

L e t  us  i l l u s t r a t e  t h e  s ta tements  presented above with t h e  example of a 
two-dimensional problem (Ref. 28 ) .  Two i n f i n i t e l y  long conductors,  with 
d i f f e r e n t  c u r r e n t s  moving i n  t h e  oppos i te  d i r e c t i o n  and having t h e  magnitude 
9 
Y d i r e c t i o n .  The conductors a r e  loca ted  symmetrically with respec t  t o  t h e  YOZ 
plane.  
change according t o  a u n i t  s t e p  func t ion  of t i m e  (4) .  
p o t e n t i a l  vanishes ,  and only one component of t h e  v e c t o r  p o t e n t i a l  A 

mains, which s a t i s f i e s  t h e  following equat ion i n  a system which i s  r i g i d l y  
connected with t h e  moving half-space: 

, are arranged on t h e  s u r f a c e  of moving half-space a t  t h e  height  h i n  t h e  

The XOY p lane  coincides  with t h e  s u r f a c e  of t h e  half-space.  The currents  
I n  t h i s  case ,  t h e  s c a l a r  

= A re- 
Y 

with t h e  i n i t i a l  condi t ion  

A‘(x’, z’, 0) =O. (97) 
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The cont inui ty  condi t ions  a t  t h e  boundaries z ’  = 0 and z ‘  = h a r e  t h e  boundary 
condi t ions ,  j u s t  as previously.  The d e r i v a t i v e  on t h e  s u r f a c e  z ’  = h 

undergoes a d i s c o n t i n u i t y ,  which equals  t h e  d e n s i t y  of t h e  s u r f a c e  cur ren t  j ’ :  

A’, (x’, h, t’) =AIIl (x’, h, t ’ ) ,  

az 

A‘,, (x’, 0, t’) =‘A’IIl (x’, 0, t ‘ ) ,  

where A’ 

s o l u t i o n  f o r  0 \< z ’  $ h ,  and A’III is  t h e  s o l u t i o n  f o r  z ’  6 0. 

t h e  boundarv condi t ions ,  
f o r  z ’  + ~ m .  

i s  t h e  s o l u t i o n  of equat ion (96) f o r  t h e  reg ion  z ’  > / h ,  A I I I  i s  t h e  I 
I n  a d d i t i o n  t o  

w e  must take  i n t o  account t h e  l i m i t i n g  condi t ion  /158 

The d e n s i t y  of t h e  s u r f a c e  c u r r e n t s  with respec t  t o  t h e  immobile coordinate  
system may be expressed by means of t h e  d e l t a  func t ion  

j =Q[b  ( x - a )  - b (x+ a ) ]  = - *’r sin hx sin hadh. 
‘IF 

0 

Ln t h e  mobile coord ina te  system, w e  ob ta in  t h e  following by means of t h e  t rans-  
formation (95) 

0 

Applying t h e  t ransformation (77)  t o  equat ion (96) and boundary condi t ions  (98) , 
w e  obta in  t h e  equat ion 

and the  boundary condi t ions  
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where 

and 

F= P sin hx'+Sv COS AX' 
. p 2  + h2v2 

Separating t h e  v a r i a b l e s  of t h e  l a s t  equat ion,  we may r e a d i l y  obta in  t h e  solu- 
t i o n  s a t i s f y i n g  t h e  boundary condi t ions (100) and t h e  l i m i t i n g  condi t ion f o r  
2' -+ tw. 

After  a l l  t h e  cons tan ts  are determined, t h e  s o l u t i o n s  f o r  a l l  t h r e e  /159 
regions assume t h e  following form: 

where )L = 7 X + avOp . 
The inverse  transform of t h e  integrand may be found according t o  t h e  w e l l  

known formulas (Ref. 35) by employing t h e  m u l t i p l i c a t i o n  theorem: 

where 

(104' 
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and 

Changing t o  t h e  stationary coordinate  system,according t o  (941 ,  ( 9 5 )  w e  
obta in  

/ 160 

where 

i s  t h e  expansion of t h e  v e c t o r  p o t e n t i a l  of t h e  r e f l e c t e d  c u r r e n t s  and 

is  t h e  expansion of t h e  v e c t o r  p o t e n t i a l  of t h e  e x t e r n a l  c u r r e n t s .  

The s t r e n g t h  of t h e  e l e c t r i c  f i e l d  f o r  z 3 0 i s  

where 
a, 

E,"= *&s e-A(s+h)M(h, t)sin I(%-vf)sin ha&., 

E,"'= 8 ( f )A,";  8 (f)Ayex 

and 6 ( t )  i s  t h e  impulse func t ion .  

W e  s h a l l  omit t h e  very  cumbersome c a l c u l a t i o n s  of t h e  i n t e g r a l  (110) ,.'and 
w e  s h a l l  only present  t h e  f i n a l  r e s u l t  f o r  t h e  f i e l d  of t h e  induced c u r r e n t s :  
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where 

i s  t h e  p r o b a b i l i t y  i n t e g r a l  of t h e  complexargument 
t i o n  ( R e f .  36) ;  

which i s  a tabula ted  func- 

- 1  2nua2 v =x apoav; EYH = -9- Ey”; 5=Z+Ei. 

5 10 

Figure 3 

Dependence of t h e  Function sH on f and i n  t h e  Case of 
Y 

2 = 2 and s = 0.5 



FOX the special when s=O we have /162 

We may obtain the latter formula by means of (32), summing up the field of the 
two conductors and employing the substitution x + x - ut. 
curvgs showing the dependence on t and 5, computed according to formula (111) 
for x = 2 and 5 = 0.5. 

Figure 3 presents 

As the last examples have shown, when allowance is made for the transforma- 
tions (94) (95), we may readily change from computations which are performed I 

for a conductive layer to computations for a moving conductive layer. For the 
case of an infinitely long conductor, these results are only achieved by re- 
placing x + x - ut. 

In conclusion, we would like to point out that the transition of the func- 
tion (111) through zero between two main maxima (see Figure 3)  is determined 
by the condition x = .ut. It may be readily seen that the electromotive force 
induced in a rectangular coil, which is arranged vertically with respect to the 
surface of half-space or the moving layer, satisfies this condition. This fact 
has been employed to compile a new method for measuring the velocity of con- 
ductive media (Ref. 25); this method is based on the transition through zero of 
the voltage in the measuring coil. 
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